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The p r e s e n t  r e s e a r c h  c o m p rise s  —
( a )  th e  developm en t o f  an  a r i t h m e t i c a l  t r i a l  and e r r o r  
m ethod o f  f i n d i n g  th e  t o r s i o n a l  r i g i d i t y  o f ,  and th e  
s t r e s s e s  due t o  t o r s i o n  i n , b a r s  w i th  u n i fo rm  n o n - c i r c u l a r  
s e c t i o n ,  and c i r c u l a r  s h a f t s  w i th  v a ry in g  r a d i u s .
( O th e r  m ethods were i n v e s t i g a t e d  and w ere found i n f e r i o r  
t o  t h i s  o n e ) .
(b )  t e s t s  on s t r u c t u r a l  s e c t i o n s  and on h o l lo w  sq u a re  
s e c t i o n s  t o  f i n d  th e  t o r s i o n a l  r i g i d i t y ,  t h e  s t r e s s e s ,  
and t h e  e f f e c t i v e  maximum s t r e s s  w hich  c a u se s  f a i l u r e .
The p r e s e n t  p o s i t i o n  o f  t o r s i o n  r e s e a r c h . The 
g e n e r a l  d i f f e r e n t i a l  e q u a t io n s  f o r  t h e  t o r s i o n  o f  b a r s  
w i t h  n o n - c i r c u l a r  s e c t i o n s  w ere o b ta in e d  by S t .  V e n an t .  
T hese  w ere  s o lv e d  by him  f o r  t h e  e l l i p s e ,  e l l i p t i c a l  
t u b e ,  e q u i l a t e r a l  t r i a n g l e  and r e c t a n g l e .  S o l u t i o n s  
f o r  many o t h e r  s im p le  fo rm s o f  c r o s s  s e c t i o n  have oeen 
o b ta in e d  by t h e  u s u a l  a n a l y t i c a l  m ethods — a  s e e to V o f  
a  c i r c l e ,  a  c u r v i l i n e a r  r e c t a n g l e  bounded by two 
c i r c u l a r  a r c s  and two r a d i i ,  a  h o l lo w  c i r c u l a r  s h a f t  
w i t h  e c c e n t r i c  c i r c u l a r  b o u h d a r i e s .  As t h e r e  a r e  many 
c r o s s  s e c t i o n s  o f  p r a c t i c a l  im p o r ta n c e  w hich  can  n o t  be 
s o lv e d  i n  t h i s  way, o t h e r  m ethods have  b e en  d e v e lo p e d  
f o r  t h e  g e n e r a l  c a se  o f  any  c h o sen  bou n d a ry .
P r a n d t l *  c a l l e d  a t t e n t i o n  t o  t h e  s i m i l a r i t y  o f  
t h e  t o r s i o n  e q u a t io n s  and th e  e q u a t io n s  o f  e q u l ib r iu m  
o f  a  membrane s t r e t c h e d  w i th  u n i fo rm  t e n s i o n  and 
s u b j e c t e d  t o  p r e s s u r e .  T h is  a n a lo g y  was a p p l i e d  
e x p e r i m e n t a l ly  by G r i f f i t h  and T a y lo r*  u s in g  a  soap  
f i l m  a s  membrane ( s e e  p .  4* )• They found  th e  t o r s i o n
*  P r a n d t l ,  P h y s .  Z e i t s e h r . ,  B d .4  ( 1 9 0 3 ) .
+ G r i f f i t h  and T a * lo r ,  A e r .R e s .C o m ., R & M, 3 3 3 t  334, 392
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p r o p e r t i e s  o f  a  number o f  s e c t i o n s ,  b o th  s o l i d  and 
h o l lo w ,  and from  t h e i r  r e s u l t s  d e r iv e d  an  a p p ro x im a te  
f o rm u la  f o r  s o l i d  s e c t i o n s  ( compared w i t h  my
I  /  AiftrS h> tkt
a n a l y t i c a l  and e x p e r im e n ta l  r e s u l t s  on p .  14)
W eber* d e v e lo p ed  s im p le  fo rm u la e  f o r  s t r u c t u r a l  
s e c t i o n s  by  a p p ro x im a te  a n a l y s i s  ( compared w i t h  my 
r e s u l t s  on p .  1 4 ) .
B a i r s to w  and P i p p a r d ^  dev e lo p ed  a  method f o r  
t h e  g e n e r a l  c a s e ,  e v a l u a t i n g  a  s e r i e s  o f  d e f i n i t e  
i n t e g r a l s  g r a p h i c a l l y  by means o f  a  p l a n i m e t e r  and 
s p e c i a l  s c a l e s ;  t h i s  method i s  e a s i l y  a p p l i e d  to  most 
s o l i d  s e c t i o n s  b u t  i s  awkward f o r  a  s e r r a t e d  s h a f t  w i th  
p e rh a p s  30 s e r r a t i o n s ,  s i n c e  i t  n e c e s s i t a t e s  u s in g  th e  
co m p le te  s e c t i o n ,  and i s  v e r y  t e d i o u s  i n  tn e  c a se  o f  
h o l lo w  s e c t i o n s .
The g e n e r a l  d i f f e r e n t i a l  e q u a t io n s  f o r  t h e  t o r s i o n  
o f  c i r c u l a r  s h a f t s  o f  v a ry in g  r a d i u s ,  w ere  o b ta in e d  by 
M i c h e l l* .  S o l u t i o n s  by t h e  u s u a l  a n a l y s i s  have  been  
o b ta in e d  f o r  a  c o n ic a l  s h a f t ,  and one h a v in g  th e  fo rm  o f  
a  p a r a b o l o id  o f  r e v o l u t i o n .  The o n ly  method so  f a r  
d e v e lo p e d  f o r  t h e  g e n e r a l  c a se  o f  any  ch o sen  boun dary , i s  
an  a p p ro x im a te  g r a p h i c a l  one due to  W i l l e r s 11.
T e s t s  on b a r s  w i th  n o n - c i r c u l a r  s e c t i o n s  a r e  n o t  
nu m erous . Baeh^ t e s t e d  e a s t  i r o n  b a r s  w i th  r e c t a n g u l a r ,
I , C , L s e c t i o n s , t o  d e s t r u c t i o n .  He rem arked  on th e  
w eakness  o f  t h e  t h r e e  l a t t e r  s e c t i o n s  i n  t o r s i o n  and 
s t a t e d  t h a t  t h e  u l t i m a t e  t o r q u e  was a b o u t  t h e  same a s  
t h a t  f o r  a  r e c t a n g u l a r  s e c t i o n  o f  t h e  same t h i c k n e s s  and
*  W eber, F o r s c h .  H.249» V . d . I . ,  1 921 
+ B a i r s to w  and P i p p a r d ,  P . I . C . E . ,  1 9 3 1 -2 2 , I I  
^ M i c h e l l ,  London M a th .S o c .  ,31 , 1900 
hW i l i e r s ,  Z e i t .M a t h . P h y s . , Bd.35» 1907 
^ B a c h ,  E l a s t i z i t a t  u .  F e s t i g k e i t ,  9 ^  e d n . , p p . 363-386
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b r e a d t h  e q u a l  t o  th e  sum o f  th e  web p l u s  f l a n g e  l e n g t h s .
He ywadc Vto atunL^hucul #*hun^ .
He a l s o  t e s t e d  c i r c u l a r  tu b e s  w i th  l o n g i t u d i n a l  s l i t s ,  
and h i s  r e s u l t s  show t h a t  S t .V e n a n t» s  e q u a t io n s  do n o t  
a p p ly  t o  t h i s  c a s e ,  s i n c e  th e  end c o n d i t i o n s  cause  
n o rm al  s t r e s s e s  on t h e  c r o s s  s e c t i o n  ( compare w i th  my 
r e s u l t s  f o r  t h e  t o r s i o n  o f  t h e  sq u a re  tu b e  w i t h  h o le  i n  
one s i d e ,  p
G ib so n  and E i t c h i e *  foun d  th e  t o r s i o n a l  r i g i d i t y
o f  s t r u c t u r a l , and s o l i d  and h o l lo w  r e c t a n g u l a r  s e c t i o n s .
5?hey rem arked  on th e  s m a l l  t o r s i o n a l  r i g i d i t y  o f  th e
I  , C , and L s e c t i o n s ,  w h ich  t h e y  found  t o  be Too t o  k>
o f  t h e  v a lu e  o b ta in e d  by  assum ing  s t r e s s  p r o p o r t i o n a l  t o
t h e  d i s t a n c e  from  t h e  a x i s  o f  t w i s t ;  t h e y  a l s o  rem arked
on t h e  much g r e a t e r  t o r s i o n a l  r i g i d i t y  o f  box and h o llo w  
s e c t i o n s .  'y^cU  vu> aAAxJhjHlciSL .
Cam pbell^  found th e  t o r s i o n a l  r i g i d i t y  o f  a  ran g e
empirical
o f  I  beams and d e v e lo p e d  an^ora ru la  l i m i t e d  t o  t h i s  fo rm  
o f  s e c t i o n .  H is  e x p e r im e n ts  a r e  s p e c i a l l y  i n t e r e s t i n g  
s i n c e  he  u se d  s t r a i n  g a u g es  t o  f i n d  t h e  s t r e s s  on th e  
f l a n g e  f a c e ;  he showed t h a t  t h e  s t r e s s  i n c r e a s e s  
to w a rd s  t h e  c e n t r e  o f  th e  f l a n g e  f a c e .
M o o re * te s te d  t h e  w eaken ing  e f f e c t  o f  keyways on 
t h e  s t r e n g t h  o f  s t e e l  s h a f t s .  He found  t h e  e f f e c t  on 
t h e  t o r s i o n a l  r i g i d i t y  and on t h e  t o r q u e  a t  t h e  e l a s t i c  
l i m i t .  Gough11 t e s t e d  a  p u re  i r o n  and a n  0.696 C s t e e l  
s h a f t  w i t h  keyway t o  t h e  s t a t i c  e l a s t i c  l i m i t ,  and to  
f a t i g u e  f a i l u r e  u n d e r  r e v e r s e d  s t r e s s e s ;  he  found  a l s o
*  G ib so n  and E i t c h i e ,  She C i r c u l a r  Arc Bow G i r d e r ,  1914
* C am pbell ,  Engin .N ews E e c o rd ,  1928
* Moore, U n iv .  o f  I l l i n o i s ,  B u l l . 42 , 1909 
jlGough, A e r .E e s .C o m ., E & M, 864, 1925
t h e  t o r s i o n a l  r i g i d i t y  ( s e e  p .1 7 / ) 
V e d e le r*  round  th e  t o r s i o n a l
r ig id i ty  of rectangular tUDes, b u ilt
up from  two c h a n n e l  shaped  p l a t e s  
r i v e t e d  t o g e t h e r ,  f i g . 1 . h i s  r e s u l t s F i g J
j
showed t w i s t s  a s  much a s  d o u o le  t h a t  g i v e n  oy  t n e  u s u a l  
t h e o r y ,  w h e rea s  O D se rv a t io n  of t h e  t o r s i o n a l  v i b r a t i o n  
f r e q u e n c y  o f  s h i p s  s u p p o r t s  t h e  u s u a l  t h e o r y ,  (com pared
f h e  a r i t h m e t i c a l  t r i a l  and e r r o r  method o f  s o l u t i o n  i s
and m A lth o u g h  th e  t im e  t o  e v a l u a t e  t n e  t o r s i o n a l
p r o p e r t i e s  o f  any  g iv e n  s e c t i o n  h a s  Deen re d u c e d  t o  h a l f -  
a  do zen  h o u r s ,  t h i s  i s  o u t  o f  a l l  p r o p o r t i o n  t o  th e  t im e  
s p e n t  i n  t n e  developm en t o f  th e  m ethod.
E x p e r im e n ta l  work done w i th  the , s o a r  f i l m  m ethod . *he
method i s  d e s c r ib e d  f u l l y  i n  A e r .R e s .C o m ., R & M 3 3 3 .
The f o l lo w in g  p o i n t s  a r e  n o t  d i s c u s s e d  i n  t h e s e  p a p e r s .
I n  o r d e r  t o  g iv e  tn e  bubb le  a  s u f f i c i e n t  l i f e  f o r  
m easurem ent p u rp o s e s  ( 3 t o  13 m in u te s  ) ,  f a i r l y  w et f i lm s
h ad  t o  be u s e d .  When t h e  p r e s s u r e  
i s  a p p l i e d  t h e  f i l m  r i s e s t  commences 
t o  d r a i n  to w a rd s  th e  b o u n d a ry ,  a t  t  bufetlh
c a u s e s  a  d ro p  t o  g a t h e r .  t f ig .2
r *  o
snows th e  s e c t i o n  th ro u g h  a  bu b b le  —
w i t h  t h i s  s a g g in g  e x a g g e r a te d .  How t h e  s t r e s s  a t  t h e  
boun dary  i s  g i v e n  by t n e  s lo p e  o f  tn e  f i l m  t h e r e ;  a s  
t n i s  can  n o t  be found  owing t o  t n e  s a g ,  i t  i s  m easured  a t
w i t h  my e x p e r im e n ta l  r e s u l t s  on p
d e s c r i b e d  f u l l y  i n  t n e  two accom panying p a p e r s ,  p p . ^ k ^
f u n c t i o n  o f  f i l m  and p l a t e  and
V e d e le r ,  x r a n s . I n s t  . S a v .A r e n . , 1324.
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A and B. The t r u e  s lo p e  a t  C i s  now e s t im a t e d  from  t h e s e  
two r e a d i n g s .
A g a in ,  t n e  method o f  o b t a i n i n g  t n e  volume u n d e r  tn e
b u o o le  by ru n n in g  a  m easured  q u a n t i t y  o f  w a t e r  o u t  o f  a
b u r e t t e  i n t o  t n e  sp a e e  below t n e  o u b o le ,  was fo un d  u s e l e s s -
This was due to the i n i t i a l  sag , requiring an a d d it io n a l,
unknown volume o f  w a t e r .
As a  p r e l i m i n a r y ,  tn e  t o r s i o n a l  p r o p e r t i e s  o f  a
s h a f t  w i th  s q u a re  c r o s s  s e e t i o n  w ere  found  oy t h i s  method
i n  o r d e r  t o  g a i n  e x p e r i e n c e  and m a s te r  t n e  t e c h n i q u e .
, Ko\e
A 2n s q u a r e /a n d  a  2n c i r c u l a r  h o le  were c u t  i n  tn e  same 
p l a t e .  F o r  tn e  maximum s t r e s s  i n  th e  s q u a re  s n a f ' t ,  t n e  
maximum i n c l i n a t i o n  o f  t n e  soap  f i l m  a t  tn e  m id d le  o f  one 
s i d e  was compared w i t h  tn e  maximum i n c l i n a t i o n  o f  t n e  
c i r c u l a r  f i l m .  The f o l lo w in g  t a b l e  g i v e s  t h e  c o m p a r iso n .
Max. In c  I n .
O  ,
Max. I n c  I n .
□  , <*1. s i n  o(,
o k
<**
14° 1 8 .7 ° 1 .328 1 .333
i y ° 2b . 0 ° 1 -347 1 . 3 b8
0<M
3 2 .3 ° 1 .321 1 .334
OO*\ 4 0 .3 ° 1 -303 1 .363
From tn e  a c c u r a t e  s o l u t i o n , t n e  r a t i o  o f  tn e  maximum 
s t r e s s e s  i s  1 . 3 3 1 , s o ,  u s i n g  th e  r a t i o  o f  tn e  i n c l i n a t i o n s  
o f  t n e  f i l m s ,  g i v e s  t h i s  f i g u r e  c o r r e c t l y  t o  f o r  t n e  
ra n g e  shown. G r i f f i t h  and T a y lo r  fou nd  t n e  r a t i o  o f  tn e  
s i n e s  t o  g iv e  t n e  Dest r e s u l t s ,  o u t  t h i s  d i f f e r e n c e  i n  
c o n c lu s io n  i s  p r o o a b ly  due t o  t n e i r  u s i n g  d r i e r  f i l m s .
The t o r s i o n a l  p r o p e r t i e s  o f  a  2 < 2 ^  .373" B .S .
T s e e t i o n  w ere  a l s o  fo u n d .  F i g . 3 shows t n e  p o s i t i o n  of 
t n e  h o l e s  on t h e  p l a t e ;  t n e  T s e c t i o h  i s  e n la r g e d
F l G .  3 *
2 * 2  T e n lg d .2 *
Photographic Enlargement
Position o f  Holes in Plate
Original Contours
o
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t im e s .  I n  t h e  c a se  o f  a sy m m e tr ic a l  s e c t i o n ,  suen  a s  th e  
x ,  i t  i s  u n n e c e s s a ry  t o  w ork w i t h  th e  com ple te  boundary , 
f o r  i t  h a s  been  found  t h a t  th e  snape  o f  a  sy m m e tr ic a l  f i l m  
i s  u n a l t e r e d  i f  i t  he d iv id e d  oy a  septum  w nich  p a s s e s  
th r o u g h  an  a x i s  o f  sym m etry. I t  i s  t n e  r e f  o re  o n ly  
n e c e s s a r y  to  c u t  n a i f  tn e  s e c t i o n  on tn e  t e s t  p l a t e .  The
d ia m e te r  o f  t h e  c i r c u l a r  n o le  i s  o o ta in e d  oy making tn e  
r a t i o  a r e a / p e r i m e t e r  e q u a l  t o  t n a t  f o r  tn e  i .  When t h i s  
r a t i o  i s  made e q u a l  i n  o o tn  f i l m s ,  tn e  mean v a lu e  ox tn e  
s i n e  o f  t n e  i n c l i n a t i o n  round  tn e  ooundary  o f  eacn  f i l m  
i s  a l s o  e q u a l .
The maximum s t r e s s  on t n e  T s e c t i o n  o c c u rs  a t  £ ,  
w nere  rn e  i n c l i n a t i o n  i s  a  maximum. A l a r g e  numoer o f  
o b s e r v a t i o n s  w ere  t a k e n  f o r  t n i s  v a lu e  f o r  a  wide ran g e  
o f  i n c l i n a t i o n  o f  t n e  c i r c u l a r  f i l m ,  and th e  r e s u l t s  a r e  
shown p l o t t e d  i n  f i g . 4 . W itn t h e  e x c e p t io n  o f  h  and it, 
a l l  t n e  p o i n t s  were o b ta in e d  from  b u b b le s  w nich  had s n o r t  
l i f e .  Tnese  two p o i n t s  w ere o b ta in e d  on a  bu b b le  w nicn  
l a s t e d  t n r e e  h o u r s .  The f o l lo w in g  t a o l e  i s  based  on th e  
l i n e  th ro u g h  t h e  p o i n t s  f o r  tn e  s n o r t  l i f e  b u b b le s .
M a x .I n c ln .
© ,
M a x .In c ln .  
T, CLX
s i n  <*2 
s i n  ol(
* 2
13 2 3 .3 1 .340 1 .37
20 31 .7 1 .337
ooUN•
23 40 *3 1 .331 1 .61
30 .3 3 0 .0 1 .310 1 .64
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T aking  t h e  r a t i o  o f  tn e  maximum s t r e s s e s  as  1 . 3 7 , we h a re
s h o r t  l i f e  o u o o le s  g iv e  r e s u l t s  much to o  low , w h i le  th e  
lo n g  l i f e  bubb le  g i v e s  much b e t t e r  r e s u l t s .  S in ce  v e ry  
few Duooles l a s t  more t n a n  t e n  m in u te s ,  we can no t depend on 
tn e  r e s u l t s  o f  soap  f i l m  work f o r  maximum s t r e s s .
R e x t ,  t o  f i n d  th e  t o r s i o n a l  r i g i d i t y ,  c o n to u r s  were
p l o t t e d .  I t  was n e c e s s a r y  t o  t a k e  t n e  i n c l i n a t i o n  o f  tn e
of
c i r c u l a r  bu b b le  a t  f r e q u e n t  i n t e r v a l s ^  s i n c e  tn e  b u b b le s  
v a r i e d  w i t h ' t n e  v a r y in g  t e m p e r a t u r e .  t n e  c o n to u rs  were 
o b ta in e d  on b l a c k  p a p e r  and a  p h o to g ra p h ic  e n la rg em en t 
was t a k e n  from  t n i s ;  f i g . 3 snows tn e s e  f o r  one e x p e r im e n t .  
Each c o n to u r  i s  a t  a  d e f i n i t e  h e i g h t  aoove tn e  p l a t e ;  a s  
tn e  ouDDles v a r i e d  w h i le  t a k i n g  tn e  c o n to u r s ,  t n e s e  n e ig n t s  
had t o  oe re d u c e d  t o  c o rre sp o n d  to  a  mean v a lu e  o f  tn e  
i n c l i n a t i o n  o f  t n e  c i r c u l a r  o u o u le .  The a r e a  e n c lo s e d  by 
each  c o n to u r  was now found  Dy a  p l a n im e te r  and p l o t t i n g  
t n i s  on a  c a se  o f  re d u c e d  h e i g h t , e n a b le d  tn e  volume u n d e r  
th e  buDole t o  be fo u n d .  Tne r a t i o  o r  t h i s  v o lu n e  t o  th e  
volume ox tn e  c i r c u l a r  bubble  c o r re s p o n d in g  t o  tn e  mean 
i n c l i n a t i o n  e q u a l s , a p p r o x im a t e ly ,  t n e  r a t i o  o r  tn e  
r i g i d i t i e s .  Thus we nave f i n a l l y ,  C * 2 .80  i n ^  • T h is
r e s u l t  com pares w e l l  w i th  Cf * 2 .78  in * ’ , from  an
a p p ro x im a te  fo rm u la  d e v e lo p e d  oy tn e  a u th o r  ( s e e  p . 15 ) .
I n  t n i s  r e s e a r c h  t h e r e  was no f u r t n e r  work done ojr 
t n i s  m ethod , s in c e  i t s  r e s u l t s  f o r  s t r e s s  a r e  d o u b t f u l ,  
and th e  t im e  and l a b o u r  a r e  g r e a t e r  t h a n  f o r  tn e  a r i t h ­
m e t i c a l  t r i a l  and e r r o r  m ethod .
f o r  tn e  T, Rmax * 1 .>7 * 0 .8 ? >  ■ 1 •4G/ , s i n c e  Rmax f o r  bhe
99 /c i r c l e  * t n e  r a d i u s  * 0 . 89> ( f o r  n o t a t i o n  see  p . / /  ) .
P o in t  F , f i g . 4 ,  g i v e s  Rmax « G r i f f i t h ' s  app rox im ate
fo rm u la  g i v e s  Rmax « 1 . 63^ and t n i s  fo rm u la
i n  e r r o r  f o r  s t r u c t u r a l  s e c t i o n s  ( s e e  p .  ) .  So tn e
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T e s ta  on s x r u c v n r a l  s e c t i o n s  w ere c a r r i e d  o u t  to  f i n a  
(« )  tn e  t o r s i o n a l  r i g i d i t y ,  (b )  tn e  s t r e s s e s ,  ( c )  tn e  
e f f e c t i v e  maximum s t r e s s  c a u s in g  f a i l u r e #  The t e s t  
r e s u l t s  f o r  t n e  t o r s i o n a l  r i g i d i t y  a re  sum m arfised  i n  tn e
t
t a o l e  on p . / ^  , and a r e  t n e r e  compared w i tn  tn e  r e s u l t s  
o f  a n a l y s i s  and a p p ro x im a te  fo rm u la .  Tne e f f e c t i v e  
maximum s t r e s s  c a u s in g  f a i l u r e  i s  d i s c u s s e d  on p p . 2q*h>2z' 
Tnere now f o l lo w s  a  d e s c r i p t i o n  o f  t n e  e x p e r im e n ta l  
metnods l e a d i n g  up t o  t n e s e  r e s u l t s  and some o f  tn e  
d i f f i c u l t i e s  e n c o u n te r e d .
The t e s t s  w ere  c a r r i e d  o u t  w i th  a  1 0 0 - to n  B uckton
m acn ine , s e r v i n g  n o rm a l ly  f o r  t e n s i o n  and co m press ion  b u t
n a v in g  an  a d d i t i o n a l  a rra n g em e n t  f o r  t o r s i o n .  I t  i s
p a r t l y  snown i n  t n e  p h o to g ra p n s  and d ia g ra m , r i g .5 »  wnere
one may se e  t n e  s t r a i n i n g  w n e e l ,  tu rn e d  by nand tn ro u g n
worm g e a r i n g ,  and tn e  e x t e n s i o n  o f  tn e  oeam t o  p ro v id e  a
g r i p  f o r  t n e  sp e c im e n .  A ltftougn t n i s  a rran g em en t n a s  tn e
ad v an tag e  o f  a c c u ra c y  i n  th e  m easurem ent o f  th e  to rq u e  and
r i g i d i t y  i n  t h e  end f i x i n g s ,  i t  h a s  th e  d is a d v a n ta g e  o f
s h o r t n e s s  o f  gauge  l e n g t h  and n e a r n e s s  o f  t h i s  l e n g t h  e£ 
rWe
thi-o loncjtti t o ^ g r i p s .  Hence s p e c i a l  a t t e n t i o n  was g iv e n  
t o  end f i x i n g s  snd t h e i r  e f f e c t  on r e s u l t s .  The l e n g t h  
o f  spec im en  was 3 1, b u t  th e  gauge l e n g t h  was l im i t e d  to  
about 8tT as  shown i n  th e  d ia g ra m , f i g . 5 . P o s s i b l e  e r r o r  
i n  th e  to r q u e  r e a d in g  i s  n e g l i g i b l e  as  th e  t r a v e l l i n g  
lo ad  was ^  t o n  and i t s  p o s i t i o n  co u ld  be r e a d  by v e r n i e r  
t o  n . F o r  a  to r q u e  o f  1 t o n - i n .  th e  p o s s ib l e  e r r o r  i s  
and a l l  t h e  beams were lo a d e d  beyond t h i s  v a lu e .
T w is t  was m easured  by  two m i r r o r s ,  a t t a c h e d  t o  th e  
spec im en , and two t e l e s c o p e s  w hich  s i g h t e d  on s c a l e s  
r e f l e c t e d  i n  t h e  m i r r o r s .  These a re  shown i n  th e  
p h o to g ra p h s ,  f i g . 5 , snd th e  m i r r o r s  a r e  sk e tc h e d  se p a ra te ly , .
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When th e  m i r r o r  r o t a t e s  th ro u g h  an a n g le ,  th e  r a y  from  th e  
s c a l e  which c o in c id e s  on r e f l e c t i o n  w i th  th e  c o l l i m a t i o n  
l i n e  o f  t h e  t e l e s c o p e ,  r o t a t e s  th ro u g h  doub le  th e  a n g le .  
T h is  a n g le  i s  a p p ro x im a te ly  p r o p o r t i o n a l  to  th e  s c a l e  
r e a d in g  d i f f e r e n c e .  F o r  g r e a t  a c c u ra c y ,  a  c o r r e c t i o n  
must be made f o r  th e  t a n g e n t ;  i t  was found n e c e s s a r y  to  
do t h i s  t o  o b t a i n  t h e  l i m i t  o f  p r o p o r t i o n a l i t y .  The 
s im p le s t  method o f  c o r r e c t i o n  i s  t o  add to  th e  s c a l e  
r e a d in g  an  in c re m e n t  t o  make i t  p r o p o r t i o n a l  t o  th e  a n g le .  
These in c r e m e n ts  a re  t a b u l a t e d  i n  th e  l a s t  column o f  th e  
t a b l e ,  b e low . F i g . 6 shows th e  r e l a t i v e  p o s i t i o n s  o f
■
m ir r o r  and s c a l e  „ ,
S c a le - " *
Mirror'
Fig . 6 .
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As th e  s c a l e  may he r e a d  t o  0 .0 2 "  = 0 .000036  r a d i a n s ,  and 
as  a l l  t h e  h e arns t w i s t e d  by more th e n  0 .0 1 8  r a d ia n s  on 8" ,  
b e fo re  r e a c h in g  t h e  e l a s t i c  l i m i t ,  th e  e r r o r  due to  t h i s  
f a c t o r  i s  l e s s  t h a n
The d e s i g n  o f  t h e  g r i p s  f o r  h o ld in g  th e  ends o f  th e  
specim en and a p p ly in g  th e  t o r q u e ,  gave much t r o u b l e .
F i r s t ,  a  r i g i d  g r i p  was t r i e d  a s  shown i n  f i g . 7 a .  T h is  
c o n s i s t e d  o f  k e y p ie c e s  f i t t i n g  i n t o  t h e  keyways i n  th e  
beam and s t r a i n i n g  w h e e l ,  and t r a n s m i t t i n g  th e  to rq u e  
th ro u g h  d ia m e te r  p i n s  screw ed i n t o  th e  specim en; e a s t  
i r o n  b lo c k s  w ere a l s o  u se d  t o  s u p p o r t  th e  f l a n g e s .  With 
t h e s e  g r i p s ,  t h e  t o r q u e - t w i s t  c u rv e s  a r e  o b ta in e d  a re  
shown i n  f i g . 8a .  They a r e  lo o p ed  i n s t e a d  o f  s t r a i g h t  and 
th e  s lo p e s  a r e  ab o u t  5096 more t h a n  th e y  sh o u ld  b e .  A f t e r  
c o n s i d e r a t i o n  i t  was f a i r l y  c l e a r  t h a t  t h i s  was due t o  th e  
r i g i d i t y  o f  t h e  g r i p s  im posing  norm al s t r e s s e s  on th e  
c ro s s  s e c t i o n .  T h is  p o i n t  i s  i l l u s t r a t e d  by th e  d iag ram , 
f i g . 7 b .  The c e n t r e  l i n e  o f  t h e  f l a n g e s ,  u n d e r  pu re  
t w i s t ,  sh o u ld  t a k e  th e  form  o f  a h e l i x ,  £ b .  I f  th e  
r i g i d i t y  o f  t h e  g r i p  r e s t r a i n s  i t  a t  th e  ends p a r a l l e l  t o  
th e  a x i s ,  a s  shown a t  jcd, th e  f l a n g e s  ta k e  a  t r a n s v e r s e  
bend ing  moment w hich  c a u s e s  norm al s t r e s s e s .  Each f l a n g e  
a c t s  l i k e  a  beam, b u i l t  i n  a t  b o th  e n d s ,  one end d e f l e c t ­
in g  r e l a t i v e l y  t o  t h e  o t h e r .  The case  o f  a  6 * 3 ” I  
s e c t i o n  i s  c a l c u l a t e d  n u m e r i c a l ly  i n  f i g . 7b ,  where i t  i s  
shown t h a t  t h e  a p p a r e n t  t o r s i o n a l  r i g i d i t y ,  when th e  
s t r e s s e s  a r e  p u r e l y  n o rm al ,  i s  f u l l y  do ub le  t h a t  f o r  p u re  
t w i s t  ( we a re  n e g l e c t i n g  i n  th e  f i r s t  e ase  t h e  a d d i t i o n a l  
r i g i d i t y  o f  th e  w eb ) .  T h is  would e x p la in  th e  hi&h s lo p e s  
o f  th e  c u r v e s ,  and a l s o  t h e  l o o p i n g / w h i c h  e e u ld  i s  due to  
v a r i a b l e  r e s t r a i n t  o f  t h e  g r i p s .
When t h e  c a s t  i r o n  b lo c k s  were removed, th e  t o r q u e -
(ex') ( t )
-  £
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t w i s t  cu rve  had no l o o p ,  h u t  became s t e e p e r  a t  th e  h ig h e r
l o a d s ,  f i g . 8 b. Thus l e s s  r e s t r a i n t  i n  th e  g r i p s  improved
by
th e  c u r v e s .  F i n a l l y , ^ t a k i n g  away two o f  t h e  t h r e e  p ih s  
i n  each  k e y p ie c e ,  a s  shown i n  f i g . 7 c ,  and u s in g  g re a s e  to  
e l im in a te  f r i c t i o n ,  t h e  c u rv e s  became s t r a i g h t  l i n e s  ( s e e  
l a t e r ) >
N e x t,  t h e ^ p r o x im i ty  o f  t h e  g r i p  to  th e  gauge l e n g th  
was i n v e s t i g a t e d .  T h is  was done by two m ethods; f i r s t l y ,  
by means oil t e n s o m e te r s  t h e  a c t u a l  s t r e s s e s  were found 
th ro u g h o u t  th e  gauge l e n g t h  and s e c o n d ly ,b y  moving one 
m i r r o r  3" n e a r e r  t h e  g r i p ,  t h e  t w i s t  was found f o r  t h e  new 
gauge l e n g t h  and cmpared w i th  th e  t w i s t  f o r  t h e  o ld .
Both m ethods showed t h a t  th e  gauge l e n g th  was q u i t e  c l e a r  
o f  end e f f e c t s .  The d-e t a i ^ -g o f  t h e s e  t e s t s  a re  g iv e n  
l a t e r » p .
T o r a u e - tw is t  c u rv e s  were now o b ta in e d  a f t e r  th e  p r e l im in a r y  
i n v e s t i g a t i o n ,  f o r  t h e  f o l lo w in g  s e c t i o n s  —
I ,  6 X 3” I ,  4 * 3 "  I ,  6 * 3" C , 2*2" L. The p ro ce d ­
u re  was t o  e s t i m a t e  a  s a f e  ran g e  o f  to r q u e  f o r  a  s e c t i o n ,  
and lo a d  i t  t h ro u g h  t h i s  ra n g e  t w ic e ,  t a k in g  r e a d in g s  o f  
t w i s t .  When s t r a i g h t  l i n e s  were o b ta in e d ,  c o in c id e n t  f o r  
lo a d in g  and u n lo a d in g ,  t h e  lo a d  was in c r e a s e d  above t h i s  
range  by  s m a l l  in c re m e n ts  u n t i l  th e  b a r  had t a k e n  a 
c o n s id e r a b le  pe rm anen t s e t .  F i g s . 9 and 10 show th e  
c u rv es  f o r  t h e s e  s e c t i o n s .  From th e  s t r a i g h t  l i n e  p a r t  
o f  th e  c u r v e s ,  t h e  t o r s i o n a l  r i g i d i t y  o f  th e  s e c t i o n s  i s  
found ; i t  i s  g iv e n  i n  column 3 t a b l e  on p .
Our n e x t  c o n s i d e r a t i o n  i s  t h e  f a i l u r e  o f  th e  b a r .  
F i r s t l y ,  t h e  l i m i t  o f  p r o p o r t i o n a l i t y  i s  a  p o s s ib l e  
c r i t e r i o n .  To o b t a i n  t h i s ,  t h e  c u rv e s  a re  r e p l o t t e d ,  
th e  a b s c i s s a  now g i v i n g  t h e  d iv e rg e n c e  o f  th e  t w i s t  from
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t h e  e l a s t i c  l i n e .  F i g .11 shows th e s e  c u rv e s  f o r  F1 and 
F J ,  two 5 # 4 i  I  s e c t i o n  b a r s .  I t  i s  s e e n  t h a t  F1 h a s  a 
d e f i n i t e  l i m i t  o f  p r o p o r t i o n a l i t y  a t  6 .2 5  t o n s - i n s . ,  b u t  
F&, t e s t  A, shows no such  d e f i n i t e  p o i n t ,  a n d , t e s t  B, 
shows th e ' im p r o v e d  e l a s t i c i t y  due t o  th e  perm anen t s e t  o f  
A.. These two l a t t e r  t e s t s  show th e  w eakness o f  t a k i n g  
t h i s  a s  t h e  c r i t e r i o n  o f  f a i l u r e ,  f o r  i n  A i t  i s  
i n d e f i n i t e ,  and i n  B i t  i s  a l t e r e d .  F u r t h e r ,  G uest and 
L ea  , i n v e s t i g a t i n g  th e  t o r s i o n a l  h y s t e r e s i s  o f  round 
mild, s t e e l  b a r s ,  found  s l i g h t  lo o p in g  a t  v e ry  low l o a d s ,  
f a r  below  th e  commonly a c c e p te d  e l a s t i c  l i m i t .  T h e i r
r e s u l t s  would make th e  l i m i t  o f  p r o p o r t i o n a l i t y  p r a c t i c a l l y
z e r o .
From th e s e  c o n s i d e r a t i o n s ,  i t  was d e c id e d  to  abanc3i 
t h e  l i m i t  o f  p r o p o r t i o n a l i t y  a s  t h e  c r i t e r i o n  o f  f a i l u r e .  
A ls o ,  th e  y i e l d  p o i n t  w i l l  n o t  do , a s  o n ly  th e  curve  f o r  
t h e  2 x 2ft L shows a n y th in g  l i k e  a  y i e l d .  Thus we cure 
f i n a l l y  l e d  t o  choose a  to r q u e  p ro d u c in g  a d e f i n i t e  
pe rm anen t s e t  a s  th e  c r i t e r i o h ,  a  p r o o f  t o r q u e .  T h is
p o i n t  i s  more f u l l y  d i s c u s s e d  on p . 2( / .  Jh e  p ro o f
t o r q u e s  f o r  t h e  b a r s  a r e  shown i n  f i g s . 9 and 1 0 , and 
g iv e n  i n  column 5 o f  t h e  t a b l e  on p .  2
M&asurement o f  th e  c r o s s  s e c t i o n  o f  th e  b a r s  was 
u n d e r t a k e n  s i n c e  th e  d im e n s io n s  were a  l i t t l e  d i f f e r e n t  
from  th e  B r i t i s h  S ta n d a r d .  The aim was t o  m easure  th e  
c r o s s  s e c t i o n  w i th  su ch  a c c u ra c y ,  t h a t  a n a l y s i s  o r  
a p p ro x im a te  fo rm u la  ( i f  c o r r e c t )  would a g re e  t o  w i t h i n  tfC 
o f  t h e  t e s t  f i g u r e s .  C o n s id e r  a  5 *  I  s e c t i o n ;  th e  
mean f l a n g e  t h i c k n e s s  i s  a b o u t  0 . 4 5 "» an& as  t o r s i o n a l  
r i g i d i t y  i s  p r o p o r t i o n a l  t o  t h e  t h i c k n e s s  cubed , t h i s  
m easurem ent m ust be made c o r r e c t  t o  0 . 0015"
*  G uest and L ea ,  P r o c .R o y .S o c . , A93> 1 9 1 6 *
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a c c u ra c y .  T h is  was a lm o s t  im p o s s ib le  c o n s id e r in g  t h e  
r o l l e d  s u r f a c e  and th e  i r r e g u l a r i t i e s ,  y e t  an  a t te m p t  was 
made t o  work up t o  t h i s  s t a n d a r d .  By h a v in g  t h r e e  
sp ec im en s  f o r  each  s i z e  o f  b a r  and m easu rin g  a l l  t h e s e ,  
h e lp e d  to w a rd s  t h i s  aim . The s u r f a c e  o f  th e  b a r  was 
c le a n e d  w i th  emery p a p e r  a t  th e  ends and i n  th e  gauge 
l e n g t h .  Even t h i s  c le a n e d  s u r f a c e  was n o t  t h e  same a s  a 
m achined  s u r f a c e ,  a s  i s  shown by th e  r e s u l t s  f o r  th e  
r e c t a n g u l a r  specim ens^  which a l s o  show th e  am ount, 0 . 001n , 
t o  be d e d u c te d  from  each  s u r f a c e .  The web t h i c k n e s s  was 
m easured  a t  t h e  e n d s .  The f l a n g e  t h i c k n e s s  was m easured  
i n  t h e  gauge  l e n g t h  by a p o i n t  m ic ro m e te r  w i th  b ase  
s u i t a b l e  f o r  a  s u r f a c e  t a b l e .  S u p p o r t in g  th e  b a r  a t  a 
d e f i n i t e  h e i g h t  above t h e  t a b l e  w i th  t h e  f l a n g e  f a c e  
v e r t i c a l ,  t h e  m ic ro m e te r  m easured  th e  t h i c k n e s s  o f  th e  
f l a n g e  a t  a  d e f i n i t e  d i s t a n c e  from  i t s  e d g e . T h is  was 
done f o r  two p o s i t i o n s ,  a s  shown a t  A and B i n  f i g . 1 2 , 
which i s  an  o r i g i n a l  o b ta in e d  by  u p en d in g  th e  b a r  on th e  
t a b l e  on p a p e r  and d raw ing  round th e  c o n to u r  w i th  a  s h a rp  
p e n c i l .  T h is  g i v e s  th e  o t h e r  d im e n s io n s ,  and th e  r o r t  
and to e  r a d i i .  The a p p ro x im a te  fo rm u lae  were a p p l i e d  t o  
th e s e  m easu red  t e s t  s e c t i o n s ,  f i n d i n g  C l , C2 , C3 , and 
Bmax, shown on p .  i4".
T e s ts  on S p e c im en s . To f i n d  th e  r i g i d i t y  m odulus, N, 
YoungTs m odu lus , E , and th e  s t r e s s  c a u s in g  f a i l u r e ,  f o r  th e  
m a t e r i a l  o f  t h e  s e c t i o n s ,  c i r c u l a r  and r e c t a n g u l a r  
specim ens w ere c u t  o u t .  The r e c t a n g u l a r  spec im ens were 
ta k e n  from  th e  f l a n g e s  and web and th e  c i r c u l a r  from  th e  
t h i c k  p o r t i o n  a t  th e  J u n c t io n  o f  th e  f l a n g e  and web, as  
shown i n  f i g . 2 0 f . They were t e s t e d  i n  a  s i n g l e  l e v e r  
t o r s i o n  m ach in e , w hich  i s  sk e tc h e d  i n  f i g . 13* As t h e r e
I
A
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was no s u i t a b l e  t w i s t  m easu r in g  a p p a r a t u s ,  one had t o  be 
schemed o u t .  The a rran g em en t was s i m i l a r  to  t h a t  on th e  
p r e v io u s  ( 100 t o n  Buclrton) m ach ine . A cu rv ed  s c a l e  was 
u s e d ,  f i g . 1 3 » t o  av o id  c o r r e c t i n g  f o r  t h e  t a n g e n t ,  and i t  
was p la c e d  180” d i s t a n t  from  th e  spec im en .
The f ram e s  f o r  th e  m i r r o r s  a re  shewn i n  f u l l  i n
f i g . 14 . P a r t s  ( 1 )  and \ 2 )  a re  made o f  c a s t  a lum in ium ,
p a r t  ( 3 )» w hich  h o ld s  th e  m i r r o r ,  o f  s t r i p  b r a s s ,  and
p a r t  ( 4 )  o f  b r a s s  r o d .  The r o t a t i o n  w hich  i s  i m p o r t a n t ,
i s  t h a t  round  th e  a x i s  YY, so t h i s  i s  c o n t r o l l e d  by sc rew
HieA and s p r i n g  B and t h e s e  g iv e  a l s o ^ z e r o  a d ju s tm e n t .  The 
r o t a t i o n s  round  th e  o t h e r  two a x i s  a re  n o t  im p o r t a n t ,  
s i n c e  a  movement t h e r e  would n o t  a f f e c t  th e  s c a l e  r e a d i n g .  
A f r i c t i o n  c o n t r o l  i s  t h e r e f o r e  s u f f i c i e n t  and t h i s  i s  
a id e d  i n  t h e  c a se  o f  r o t a t i o n  round XX by su sp e n d in g  th e  
fram e from  t h e  spec im en .
The g r i p s  u se d  f o r  th e  r e c t a n g u l a r  and c i r c u l a r  
sp ec im en s  a re  s k e tc h e d  i n  f i g . 1 5 . I t  w i l l  be n o te d  t h a t  
f a i l u r e  w i l l  o c c u r  f i r s t  i n  t h e  g r i p s  o f  t h e  c i r c u l a r  
sp e c im e n s ,  b u t  t h i s  w i l l  n o t  a f f e c t  t h e  r e s u l t s  s in c e  t h i s  
i s  a  l o c a l  e f f e c t .  T h is  f i g u r e  a l s o  shows th e  p o s i t i o n  
o f  t h e  m i r r o r s  on th e  sp ec im en .
T o r q u e - tw i s t  c u rv e s  f o r  th e  spec im ens from  F2 , a  
5 x 4^" I  b a r ,  a r e  shown i n  f i g . 1 6 .  The s lo p e  o f  t h e  
e l a s t i c  l i n e  g i v e s  t h e  r a t i o  T/r  ® N x C. C may be found  
e a s i l y  i n  t h e  c a se  o f  th e  c i r c l e ,  and f r o #  t a b u l a r  v a lu e s  
i n  t h e  c a se  o f  th e  r e o t a n g u l e  ( c a l c u l a t e d  by  S t .  T e n a n t)  
and hence  1  may be fouhd  from  th e s e  c u r v e s .  The v a lu e s  
o b ta in e d  i n  t h i s  way a re  g i v e n  i n  th e  f o l lo w in g  t a b l e .
Fi
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Specim en D im ensions C U l b / i n 1-
6 3” I  
web rough 2.024X 0 .28 1 7" 0.01371 ii? . (11 .42 MO6
web sm ooth 2.024X 0 .2737 0.01289 11 .68
f la n g e 2 .01 2 x 0 .2 88 3 0 .01456 ■11.70
c i r c l e 0.30C5 diam. 0.006160 11 .79
5 I
web ro ugh 2.01 Ox 0 .2 8 9 5 0 $  473 (11 -57)
web sm ooth 2.010 X 0 .2819 0 .01364 11.70
f la n g e 2 .025  * 0 .47 5 3 0.06198 11 .63
c i r c l e 0 .6429  diam. 0.01677 11 #68
6 3" 
w et 2 .02  * 0 .2 5 7 0.01043 11 .70
f la n g e 2 .01 xfO .425 
( 0 .3 4 4
0 .0400 11 .60
The r e s u l t s  fo b  web spec im ens w i th  u n a l t e r e d  
s u r f a c e s  g iv e  low v a lu e s  o f  K. On c le a n in g  th e  s u r f a c e s  
and r e n t i n g ,  H i s  r a i s e d  t o  c o n s i s t e n c y  w i th  t h e  o t h e r  
r e s u l t s .  Rough s u r f a c e s  e v i d e n t l y  cause  m easurem ents  t o  
be to o  g r e a t .  By d e d u c t in g  .001 ” from  each  rough  s u r f a c e ,  
and c o n s i d e r i n g  t h i s  a s  t h e  t r u e  t h i c k n e s s ,  would r a i s e  K 
from  11 .42  t o  1 1 . 68 . T h is  amount was a l s o  d e d u c te d  from  
th e  m easured  t h i c k n e s s e s  o f  th e  s t r u c t u r a l  s e c t i o n s .
From t h e s e  c u rv e s ,  f i g . 1 6 , may be found  a l s o  th e  
maximum s h e a r  s t r e s s  a t  f a i l u r e  ( a t  t h e  p ro o f  t o r q u e  ) .
The to rq u e  and maximum s t r e s s e s  a re  t a b u la t e d  on p . 2 2 T.
I t  i s  n e c e s s a r y  to  know P o is s o n Ts r a t i o  f o r  th e  
m a te r i a l  i n  o r d e r  to  f in d  s h e a r  s t r e s s  from  te n s o m e te r  
s t r a i n  r e a d in g s .  T h is  was done i n  two w ays; f i r s t l y ,
-  16 -
8 r e c t a n g u l a r  specim en  was p u l l e d  i n  a  t e s t i n g  m ach ine .
The l o n g i t u d i n a l  and t r a n s v e r s e  s t r a i n s  were found  w i th  
t e n s o m e te r s ,  and th e  r a t i o  o f  t h e s e  i s  th e  r e q u i r e d  r e s u l t .  
S e c o n d ly ,  Young’ s m odulus may he found from  th e  same t e s t  
hy  f i n d i n g  th e  s t r e s s .  O' may t h e n  he c a l c u l a t e d  from  
E r  2N ( 1 + (5 )
A f l a n g e  sp ec im en  from  a 6 x 3" I  h a r  gave  th e  f o l lo w in g  -  
H = 1 1 .7 *  10fe l h / i n a . F i r s t  method 6  s  0*30 .
L
Second m ethod , E *= 3 0 . 3 * 1 0 ,  <3 = 0 .3 0 .
The b re a k in g  s t r e s s  i n  t e n s i o n  was a l s o  o b ta in e d ,  
t o  g tv e  a  b a s i s  when c o n s id e r in g  maximum s h e a r  s t r e s s e s .  
T h is  f i g u r e  v a r i e d  from  29*4 to  32 .2  t o n s / i n * .
T e s t s  on h o l lo w  sq u a re  t u b e s . The t e s t  r e s u l t s  a re  
d i s c u s s e d  on p p .  2 4 T -  2 6 ’ . The spec im ens w ere s o l i d  
drawn c i r c u l a r  t u b e s ,  hammered to  sq u a re  fo rm , 3j" X  3i " 
o u t s i d e  d im e n s io n s .  T here  were t h r e e  sp e c im e n s ,  
t h i c k n e s s e s  .171"» .173"* snd .2 3 3 " .  They were 
c a r e f u l l y  a n n e a le d  by h e a t in g  t o  850° C d u r in g  1 h o u r ,  
and c o o l in g  s lo w ly  i n  th e  f u rn a c e  d u r in g  18 h o u r s .  I t  
was hoped by  t h i s  method t o  e l i m i n a t e  as  f a r  a s  p o s s i b l e  
t h e  s t r e s s e s  cau sed  by  th e  ham m ering, a l th o u g h  i n i t i a l  
s t r e s s e s  w ere  n o t  e x p e c te d  t o  a f f e c t  a p p r e c i a b l y  e l a s t i c
f f i e s e  W e r t
r e s u l t s ,  which- was th e  c h i e f  aim  o f  t h i s  e x p e r im e n t .
T hese t u b e s  were t e s t e d  i n  th e  100 to n  B uck ton  
m ach in e . The l e n g t h  o f  t h e  tu b e s  was l e s s  t h a n  t h a t  o f  
th e  s t r u c t u r a l  sp e c im e n s ,  b e in g  23"1 y e t  t h i s  s t i l l  
a l lo w e d  a  gauge  l e n g t h  o f  8" and a  d i s t a n c e  o f  7" b e tw een  
m i r r o r  and g r i p .
The g r i p s  a g a in  gave t r o u b l e .  F i r s t  t h e r e  was 
t r i e d  th e  a r ra n g e m e n t ,  w hich  was s u c c e s s f u l  i n  th e  c a se  o f  
s t r u c t u r a l  s e c t i o n s ,  f i g . 7 c .  H e re ,  l a r g e  lo o p s  were
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c a )
o b t a i n e d ,  e s  shown, f i g . 17a ,  and th e  t w i s t s  were c o n s i d e r ­
a b ly  g r e a t e r  t h a n  i n d i c a t e d  by a n a l y s i s  (3 o r  4 t im e s  ) .  
F ig .  1 8a  shows th e  a rra n g em e n t 
used  h e re  w i th  one p i n  i n  each  
k e y p ie c e .  When lo a d e d ,  th e  
c r o s s  s e c t i o n  t a k e s  t h e  form  
a t  t h e  ends as  shown e x a g g e ra te d  
i n  f i g . l 8b .  I f  t h e  tu b e  were 
v e ry  lo n g ,  p r o b a b ly  SS. V e n a n t 's  
p r i n c i p l e  t h a t  th e  s t r a i n s  
w hich  a re  p ro d u ce d  i n  an  e l a s t i c  
s o l i d ,  by t h e  a p p l i c a t i o n  t o  a 
s m a l l  p o r t i o n  o f  i t s  s u r f a c e  o f  a  sy s tem  o f  f o r c e s  
s t a t i c a l l y  e q u i v a l e n t  t o  z e ro  f o r c e  and z e ro  c o u p le ,  a re  
o f  n e g l^ b le  d im e n s io n s  a t  d i s t a n c e s  w hich  a re  l a r g e  
compared w i th  th e  l i n e a r  d im e n s io n s  o f  t h a t  p o r t i o n ,  would 
e p p ly .  I f  t h i s  were s o ,  th e  c e n t r e  p o r t i o n  would behave  
i n  ag reem en t w i th  a n a l y s i s .  I t  i s  t h e r e f o r e  co n c lu d ed  
t h a t  th e  s h o r t n e s s  o f  th e  spec im en  does n o t  p e rm i t  th e
vsthich,
n e g l e c t  o f  end c o n d i t i o n s  ,Acausfcng s t r e s s e s  so  f a r  removed 
from  t h e  r e q u i r e d  d i s t r i b u t i o n .  The a im , th e n ,  i s  t o  
d i s t r i b u t e  th e  s t r e s s e s  a t  th e  ends  more f a v o u r a b l y .
T h is  was done by  making th e  g r i p s  much more r i g i d ,  a s  
shown i n  f i g .  1 7 T, when t h e  g ra p h  became s t r a i g h t ,  f i g . 17b.
E v i d e n t l y  th e  q u e s t i o n  o f  g r i p s  i s  v e r y  im p o r ta n t  
i n  t o r s i o n  t e s t i n g  o f  n o n - c i r c u l a r  s e c t i o n s ,  e s p e c i a l l y  i f  
t h e  sp ec im en s  a r e  s h o r t .  T h is  c o n c lu s io n  may be a p p l i e d  
to  a c t u a l  c a s e s  i n  p r a c t i c e ,  and t h e r e  a  c a r e f u l  
i n v e s t i g a t i o n  o f  end c o n d i t i o n s  would be r e q u i r e d  b e f o r e  
a t t e m p t in g  t o  f i n d  s t r e s s e s .
Prom th e  c u rv e s ,  th e  t o r s i o n a l  r i g i d i t i e s  o f  th e  
s e c t i o n s  a re  fo u n d .  I t  sh o u ld  be n o te d  t h a t  t h e  t w i s t s
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a r e  s m a l l ,  ab o u t 2” d i f f e r e n c e  on th e  s c a l e s .  S in ce  th e  
s c a l e  can  he re a d  t o  0 . 02” and t h e r e  a r e  two s u b t r a c t i o n s  
t o  o b t a i n  a  t w i s t ,  t h e  maximum r e a d in g  i s  p o s s i b l y  4^  i n  
e r r o r .  Drawing a  l i n e  th ro u g h  a  number o f  v a lu e s  w i l l  
re d u c e  t h i s  somewhat, t o  p e rh a p s
The fo l lo w in g  t a b l e  g i v e s  th e  r e s u l t s .
T o r s i o n a l  R i g i d i t y  o f  3 j  3^" Square  T u b es ,  C
Tube E x p t . Approx.C* 
Form ula
2nd C" 
A pprox.
1 ( . 1 7 1 " )
2 ( . 1 7 3 )
3 ( . 2 3 3 )
3 .6  £n . 
3 -36  
7-20
3 .? 8  i n
5.C8
.6 .83
3-40 i n
3-20
7-10
I n  t h i s  t a b l e  th e  a p p ro x im a te  fo rm u la ,  w hich  assum es 
s t r e s s  c o n s t a n t  a c r o s s  th e  t h i c k n e s s  i s
C* = 4A2 t  /P
where A i s  t h e  mean o f  t h e  a r e a s  e n c lo s e d  by  t h e  i n n e r  and 
o u t e r  b o u n d a r i e s ,  P i s  t h e  mean l e n g t h  o f  t h e  i n n e r  and 
o u t e r  b o u n d a r i e s  and t  i s  t h e  t h i c k n e s s .
u
From th e  r e s u l t s  o f  a n a l y s i s  on th e  h o l lo w  s q a r e  ( s e e
p . 23 T ) ,  t h e  second  a p p ro x im a t io n  i s  d e r iv e d
C" « 2B ( a2 -  1 .9 2 a t  + 1 . ? 2t x )
where B * az t  /  ( 2a  -  2 . 48t  ) -  t 2' , and a_  i s  t h e
o u t s i d e  d im e n s io n  o f  t h e  s q u a r e .
T here  i s  r e a l l y  good agreem en t be tw een  t h e o r y  and 
e x p e r im e n t ,  compared w i th  th e  l a r g e  d i s c r e p a n c i e s  due t o  
end c o n d i t i o n s .
The s t r e s s e s  were found  by t e n s o m e te r s ,  u s in g  1” 
gauge l e n g t h .  To f i n d  th e  com ple te  sy s te m  o f  s t r e s s  on
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e. s u r f a c e  by t h i s  m ethod , th e  s t r a i n s  a lo n g  t h r e e  
d i r e c t i o n s  a re  r e q u i r e d ,  e 1 , e 2 , e 3 .
When p u re  s h e a r  i s  a c t i n g  on p l a n e s  
a t  r i g h t  a n g le s  t o  t h e  s u r f a c e  
a lo n g  t h e  d i r e c t i o n s  e1 and e2 ,
th e n  e 1 = - e 2 , and e 3 = 0 . These t h r e e  s t r a i n s  were 
m easured  a t  th e  c e n t r e  o f  t h e  f l a n g e  f a c e s  and a t  a  p o i n t  
§" from  th e  e d g e .  The f o l lo w in g  t a b l e  g i v e s  t y p i c a l  
r e s u l t s  f o r  tu b e  2 , These f i g u r e s  were o b ta in e d  by  t h e  
f o l lo w in g  p ro c e d u re  — s t a r t  a t  1 t o n k i n . ,  t a k e  r e a d i n g s ,  
r u n  lo a d  t o  £ t o n - i n . , t h e n  t o  11 , t h e n  back  t o  £  t o n - i n . , 
a t  each  lo a d  p o s i t i o n  t a k i n g  r e a d in g s  o f  t h e  t e n s o m e te r s .
I f  t h e y  were n o t  c o n s i s t e n t ,  t h e  c lam ping  o f  t h e  t e n s o m e te r  
was s u s p e c t e d .
S t r a i n  x  10^  f o r  Torque r  10 t o n - i n .
D i r n . Top
C e n tre
Under
C e n tre
F r o n t
C e n tre
Back
C en tre
F ro n t
Edge
Back
Edge
e 1
- e 2
e3
3 .5 8
3 .0 4
3 .6 7
3 .20
3 .0 0
4 .1 7
- .1 7
3 .6 3
3 .4 3
0
3-30
3.21
- . 0 8
3 .3 6
3-32
0
Mean v a lu e  o f  e * 3 .4 3  x
S h e a r  s t r e s s ,  q * Ee /  ( 1 +0*)
-  3 .4 3  1 .3 4 *  lO*4, /  1 .29
« 3 -96  t o n / i n ^
From th e  a p p ro x im a te  fo rm u la ,  q * T /  2A t,  assum ing  
th e  s t r e s s  c o n s t a n t  o v e r  t h e  c r o s s  s e c t i o n .  T h is  e q u a l s
h e r e  q * 3 .0 8  to n / in ^ "  A llow ing  f o r  t h e
i n c r e a s e  o f  s t r e s s  from  in s id e  t o  o u t s i d e ,  t h i s  f i g u r e  
would be r a i s e d  t o  q * 3 .2 3  ton/in^T The o t h e r  two tu b e s  
gave s i m i l a r  r e s u l t s .
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S e v e r a l  c a s e s  o f  n o n - c i r c u l a r  t o r s i o n  
s o lv e d  by a n a l y s i s  and d i r e c t  t e s t .
-  By -
James O rr ,  B .S c .
P r e s e n t e d  by P r o f e s s o r  J .  D. Cormack.
S ep tem ber .  1930 .
1. I n t r o d u c t i o n .
I * 1 * P u rp o s e . -  The p u rp o se  o f  th e  p a p e r  i s  t o  
d e m o n s tra te  an a r i t h m e t i c a l  t r i a l  and e r r o r  p r o c e s s ,  s o l v i n g  
the  t o r s i o n  p ro b lem  f o r  any chosen  b o u n d a r i e s .  By i t s  u se  
s e v e r a l  B r i t i s h  S ta n d a rd  s t r u c t u r a l  s e c t i o n s ,  a s h a f t  w i t h  
keyway, a h o l lo w  s q u a r e ,  a h o l lo w  s e r r a t e d  s h a f t ,  a  c i r c u l a r  
s h a f t  e n l a r g i n g  to  g r e a t e r  d ia m e te r ,  and a s h a f t  w i th  a 
c o l l a r  have  b e en  s o lv e d .  These r e s u l t s  a r e  ch eck ed  by 
t e s t s  i n  t h e  c a s e  o f  th e  s t r u c t u r a l  s e c t i o n s  and h o l lo w  
square  by m e a su r in g  b o th  t h e  t w i s t  and s t r e s s e s .  A lso ,  
the  f a i l u r e  o f  a p r i s m  s u b j e c t e d  to  l o c a l  h ig h  s t r e s s e s  i s  
d i s c u s s e d ,
1 .2 .  E q u a t io n s , -  '/Vhen a p r i s m  i s  s u b j e c t e d  to
te r m in a l  c o u p le s  a b o u t  i t s  a x i s  (O z), t h e  s t r e s s e s  and
*
s t r a i n s  a r e  found  by s o l v i n g  th e  e q u a t io n
ir  ■ “ ~
Love’ s M a th e m a t ic a l  T heory  o f  E l a s t i c i t y ,  4 t h .  ed .  C h .14.
th ro u g h o u t  th e  c r o s s - s e c t i o n  (xO y), k e ep in g  TJJ* c o n s t a n t  
on each b o u n d a ry .  The s h e a r  s t r e s s  components a r e  g iv e n  by
= Nr . Y z = *T .
d  y z d  x
where N i s  th e  m odulus o f  r i g i d i t y  o f  th e  m a t e r i a l  and 
r i s  t h e  t w i s t  p e r  u n i t  l e n g t h  o f  th e  p r i s m .  The maximum 
s t r e s s  o c c u r s  on a  b o u n d a ry ,  and i s  g iv e n  by
q = N T  ^max. . 3 I f .  . .  r  M y  * (&Y
V \ c ) x /  y /
where Sn i s  th e  e le m e n t  o f  th e  norm al t o  th e  b o u n d a ry .
The to rq u e  T i s  e q u a l  to  T a 2N T  . ^ ^ T ^ T .d x .d y  i n  th e  
case  o f  s o l i d  s e c t i o n s .
The e q u a t io n  f o r  a  c i r c u l a r  s h a f t  o f  v a r y i n g
d ia m e te r  s u b j e c t e d  t o  t e r m in a l  c o u p le s  a b o u t  i t s  a x i s  (O z), 
*
i s
d V  3  ^  + & V  _
t r 2 '  r  * h r  % £  ..........
where (jJ i s  c o n s t a n t  on th e  b o u ndary , u s in g  c y l i n d r i c a l  
c o - o r d i n a te s  r 0 z .  The s t r e s s  components a re
^ N d ip r, N 5 ( / »
6z = - 5  . - - - t  , re = - -g . - - - -
r2 d r r d z
1 . 3 /
*
L c v e ?s M a th em a tica l  T heory  o f  E l a s t i c i t y ,  4 t h .  ed . C h .14.
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•*■•3 O the r  m ethods . -  T hese  e q u a t io n s  have b e en  
s o lv e d  by th e  u s u a l  a n a l y t i c a l  m ethods o n ly  f o r  c e r t a i n  
b o u n d a r i e s .  Thus (1) h a s  been  s o lv e d  f o r  t h e  e l l i p s e ,  
th e  e l l i p t i c a l  t u b e ,  th e  r e c t a n g l e ,  a s e c t o r  o f  a c i r c l e ,  
a c i r c u l a r  tu b e  whose i n n e r  and o u t e r  b o u n d a r ie s  a re  n o t  
c o n c e n t r i c ,  ( 2 ) f o r  a c o n i c a l  s h a f t  and a p a r a b o l o id  o f  
r e v o l u t i o n .
S e v e r a l  m ethods have b e en  d i s c o v e r e d  o f  s o lv in g  
th e  p ro b lem s  f o r  any  chosen  b o u n d a ry ,
*
B a ir s to w  and P ip p a rd  have d ev e lo p ed  a method 
fo r  s o l v i n g  ( 1 ) ,  e v a l u a t i n g  a s e r i e s  o f  d e f i n i t e  i n t e g r a l s  
g r a p h i c a l l y  by means o f  a p l a n im e te r  and s p e c i a l  s c a le s ^  
t h i s  m ethod i s  e a s i l y  a p p l i e d  to  m ost s o l i d  s e c t i o n s  b u t  
i s  awkward f o r  a s e r r a t e d  s h a f t  w i th  p e rh a p s  30 s e r r a t i o n s ,  
s in c e  i t  n e c e s s i t a t e s  u s in g  th e  co m p le te  s e c t i o n ,  and i s  
v e ry  t e d i o u s  i n  t h e  case  o f  h o l lo w  s e c t i o n s ,
+
T a y lo r  and G r i f f i t h  u sed  an a p p ro x im a te  a n a lo g y  
to  s o lv e  ( 1 ) ,  e x p e r i m e n t a l l y  by means o f  soap f i l m s ;  once 
th e  a p p a r a tu s  i s  g a th e r e d  and t h e  t e c h n iq u e  m a s te re d  t h i s  
method g iv e s  q u ic k  r e s u l t s ,  b u t  th e  a c c u ra c y  i s  d o u b t f u l  
in  some c a s e s ,  and t h i s  i s  i l l u s t r a t e d  by  an e x p e r im e n t  on 
a T s e c t i o n .  I n  t h i s  e x p e r im e n t ,  t h e  maximum s t r e s s  a t
t h e /
-
B a irs to w  and P ip p a r d ,  P . I .C .E .  1921-22 , I I ,
+
T ay lo r  and  G r i f f i t h ,  Aero. B es. Comm., R.& M.s. 333 and 392 .
t h e  j u n c t i o n  as  m easu red  by th e  r a t i o  o f  th e  i n c l i n a t i o n  
o f  th e  f i l m  to  t h a t  o f  th e  c i r c u l a r  s t a n d a r d  i n c r e a s e d  
g r a d u a l l y  by 12f>, on a b u b b le  t h a t  l a s t e d  t h r e e  hours., 
and t h e  f i n a l  v a lu e  was s t i l l  l e s s  t h a n  c o r r e c t .
*
W i l i e r s  d e v e lo p e d  a g r a p h i c a l  t r i a l  and e r r o r  
method f o r  s o lv in g  (2 ) .
T here  i s  g iv e n  below  an acco u n t  o f  an  a r i t h m e t i c a l
+
t r i a l  and e r r o r  m ethod , d e v e lo p e d  by Thom f o r  s o l v i n g  a i r  
f lo w  p ro b le m s ,  which was a p p l i e d  to  a g r e a t  v a r i e t y  o f  c a s e s  
and found v e r y  c o n v e n ie n t ;  f o r  exam ple , t h e  Tp" v a lu e s  were 
fou nd  on an  I s e c t i o n  in  3 h o u r s .  T h is  method h a s  th e  
a d v an tag e  t h a t  i t  can be u sed  to  s o lv e  b o th  ( 1 ) and ( 2 ) .
2• Method of  s o l u t i o n .
2 . 1 .  D e s c r i p t i o n . -  The b o u n d a r ie s  a re  drawn 
t o  a s u i t a b l e  s c a l e  on sq u a re d  p a p e r ,  so t h a t  e s t i m a t e d  Ip  
v a lu e s  may be  w r i t t e n  a t  th e  c o r n e r s  
o f  th e  s q u a r e s .  The p r o c e s s  o f  
e s t i m a t i n g  i s  g iv e n  i n  t h e  s e p a r a t e  
s e c t i o n s  ( 3 . 1 ,  * .1 ,  5 . 1 ) .  For 
f i n d i n g  t h e  v a lu e  o f  Ip* a t  th e  
c e n t r e s  o f  t h e  s q u a r e s ,  t h e  f o l lo w ­
in g  fo rm u la  may be d e v e lo p e d  by  T a y l o r f s T heorem :-
1 1 2 °  1 
U | P + t f n + ^ c + £ D > -  "  £
B A
A
t
M Is
1
1t
4
C D
( 3 ) .
N e g l e c t i n g /
*
W i l l e r s ,  Z e i t .  f .  M ath. u .  P h y s . ,  B d .55 , 1907.
h .
Thom. A ero . Res. Comm,, R.& M. 1194.
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N e g le c t in g  th e  te rm s  w i th  4 t h  o r d e r  and h i g h e r  d e r i v a t i v e s
v a lu e s  a r e  fo u n d  th ro u g h o u t  th e  s e c t i o n .  N ex t,  th e  same 
fo rm u la  i s  a p p l i e d  to  th e  c e n t r e  v a lu e s  to  f i n d  a g a in  
th e  c o r n e r  v a l u e s ,  which a r e  on th e  av e rag e  a b e t t e r  
a p p ro x im a t io n  ( 2 . 2 ) th a n  t h e  o r i g i n a l ;  so t h e  p r o c e s s  i s  
r e p e a t e d  u n t i l  th e  v a lu e s  c e a se  c h a n g in g ,  b e in g  now c o r r e c t  
to  t h e  a p p ro x im a t io n  o f  ( 3 ) .
th e  s o l u t i o n  f o r  a 16 x 6” I s e c t i o n ,  w h i le  th e  t y p i c a l  
co n vergence  o f  t h e  e s t im a te d  \J> v a lu e s  i s  shown a t  ( a ) .i.
P u l l  numbers need  n o t  be u se d  f o r  e v e ry  a p p l i c a t i o n  o f  ( 3 ) ,  
b u t  m e re ly  th e  d i f f e r e n c e s ,  a s  shown a t  ( a ) ,  t h u s  l e s s e n i n g  
th e  w ork . C a l c u l a t i o n s  w i th  th e  f u l l  numbers a r e  most 
s u i t a b l y  p e rfo rm ed  w i th  a com ptom eter , which l e s s e n s  th e  
f a t i g u e  and ch ance  o f  e r r o r .  The l a s t  e n te r e d  numbers 
a t  t h e  f o o t  o f  e ac h  column a re  o b t a i n e d  by a m ethod 
g iv en  i n  ( 2 . 3 ) t o  s h o r t e n  th e  p r o c e s s .
s iz e  o f  th e  sq u a re  must be  su c h  t h a t  t h e  n e g le c t e d  te rm s 
in  (3 ) a r e  r e a l l y  n e g l i g i b l e .  T h is  i s  e a s i l y  t e s t e d  a t  
any p a r t  o f  th e  s e c t i o n ,  when th e  v a l u e s  a r e  s e t t l e d ,  by 
e n la r g in g  t h a t  p a r t ,  u s in g  s m a l l e r  s q u a re s  and f i n d in g  i f  
th e  v a lu e s  a l t e r .  E x p e r ie n c e  soon shows what s m a l ln e s s
is  n e e d e d ,  and t h i s  depends on th e  d e g re e  o f  a c c u ra c y  
r e q u i r e d ;  f o r  i n s t a n c e  th e  r e s u l t s  f o r  th e  I s e c t i o n ,
and s u b s t i t u t i n g  f o r from  ( 1 ) o r  ( 2 ) ,  th e  c e n t r e
The m ethod i s  i l l u s t r a t e d  i n  F ig .  2 ,  w hich  g iv e s
Two p o i n t s  ma}r be n o t i c e d  h e r e .  F i r s t l y ,  t h e
F ig .  2 /
-  6 ~
P ig .  2 ,  w i th  the  s i z e  o f  the  s q u a r e  shown, a r e  l e s s  th a n  
1$ i n  e r r o r .  F u r t h e r ,  th e  p a r t s  w hich  g e n e r a l l y  r e q u i r e  
t e s t i n g  a re  rou nd  p o r t i o n s  o f  th e  b o u n d a r ie s  w hich  change 
d i r e c t i o n  q u ic k ly ,  su c h  as i n t e r n a l  c o r n e r s .  Thus t h e  
s h a f t  w i th  keyway ( 3 .2 )  r e q u i r e d  two e n la rg e m e n ts  a t  th e  
i n t e r n a l  c o r n e r  o f  t h e  keyway to  o b t a i n  th e  s t r e s s e s  
a c c u r a t e l y  in  t h i s  r e g i o n .
S eco n d ly ,  where a b o u n d a ry  d o es  n o t  p a s s  th ro u g h  
th e  c o r n e r  o f  a s q u a r e ,  th e  a d j a c e n t  Ip" v a lu e  m ust be 
found by  i n t e r p o l a t i o n ;  f o r  1% a c c u ra c y  t h i s  may be done 
g r a p h i c a l l y  b u t  g r e a t e r  a c c u ra c y  r e q u i r e s  n u m e r ic a l  
i n t e r p o l a t i o n ,  a s h o r t  fo rm u la  b e in g  d e v e lo p e d  f o r  e a c h  
p o in t  o f  th e  form
¥  -  * ¥ 1  *  b 1 f 2  f t  1* 1  I* / n
I I I " /
/
2 . 2 .  C onvergence . -  L e t  t h e  s i z e  o f  the  
sq u a re  be such  t h a t  n e g le c t e d  te rm s  in  (3 ) do n o t  a f f e c t  
th e  l a s t  s i g n i f i c a n t  f i g u r e .  L et & d e n o te  th e  e r r o r  i n  
\£f ; t h e  e s t im a te d  v a lu e s  a re  t h e n  Ip* + £  . I n  a n  
o r d in a r y  ro u n d ,  f i n d in g  th e  c e n t r e  v a lu e s  from
t u  + £ M = ;  Z Y + ) z z - l  SS . V 2 f  . . .  from  (3) 
4 4 o
s in o e  = -  L f  -  -  s 2 . 7 2 ^
1
We have 6 ^  = ~ T  £, .................*..............( 4 ^
4
where 51 d e n o te s  th e  sum o f  th e  c o rn e r  v a l u e s .
P ig .  3 a /
-  7 -
P ig .  3a shows th© 
v a r i a t i o n  o f  \£f and £  a lo n g  a  
y = c o n s t a n t  l i n e  and  i t  i s  
assumed f o r  c o n v en ien c e  o f  r e ­
p r e s e n t a t i o n  t h a t  does n o tX
v a ry  w i t h  y .  F ig ,  3 b , w h ich  
g iv e s  £  a lo n e ,  shows t h a t  t h e  
employment o f  (4 )  t e n d s  t o  
smooth o u t  a b ru p t  changes i n  
& and t o  d e c r e a s e  i t  
g r a d u a l l y .  T h is  p o i n t  i s  a l s o  i l l u s t r a t e d  by  f i n d i n g  a 
r e l a t i o n  betv /een  & and 6  , whero 6  i s  th e  d i f f e r e n c e
o b ta in e d  in  th e  e s t im a t e d  Xjjr v a lu e  by a p p ly in g  ( 3 ) t w i c e ,
*
f i r s t  f o r  th e  c e n t r e  v a lu e  and a g a in  f o r  th e  change i n  
th e  c o r n e r  v a lu e  ( a  d oub le  r o u n d ) .  I f  £  i s  t h e  e r r o r  
a t  a c o r n e r ,  by w r i t i n g  i t s  v a lu e  a t  t h e  s u r ro u n d in g  
c o rn e rs  i n  te rm s  o f  i t s  f i r s t  and se co n d  d e r i v a t i v e s  and 
a p p ly in g  a  d o u b le  rou nd , P ig ,  4 ,  t h e  d i f f e r e n c e  would be 
found i n  th e  form
S = - s2 . v 2 £   (5)
4
a)
x
F ig .  3 ,
—I
(b)
P ig .  4 /
-  8 -
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Thus when t h e  £  - s u r f a c e  i s  concave u p , V  £  and 6  
a re  +ve, t h a t  i s ,  h o l lo w s  f i l l  up and a l s o  p eak s  f l a t t e n .
T h is  fo rm u la  shows t h a t  th e  f i r s t  te n d e n c y  i s  to  sm ooth
c  2 ~
out a b ru p t  chang es  i n  fc, f o r  i n  t h e s e  r e g io n s  V  &
has a h ig h  v a l u e ,  and t h e  second  te n d e n cy  i s  to  d i m i n i s h
£  g r a d u a l l y  o v e r  t h e  s e c t i o n .
F u r t h e r ,  th e  co n v erg en ce  i s  w e l l  t e s t e d  by th e  
v a r i e t y  o f  c a s e s  t r i e d ,  even  th e  sh a rp  i n t e r n a l  c o rn e r  o f  a 
hollow  s q u a r e ,  a t  which th e  s t r e s s  i s  i n f i n i t e ,  d id  n o t  
i n t e r f e r e  w i t h  a d e f i n i t e  s o l u t i o n .
2 .3  S h o r te n i ng th e  P r o c e s s . -  I f  an  a p p ro x im a te  
average v a lu e  o f  th e  r a t i o  e/6 c o u ld  be e s t im a te d  f o r  
a s e c t i o n ,  th e  s low  c re e p  o f  to w a rd s  i t s  c o r r e c t  v a lu e  
could be q u ic k e n e d  s in c e  6  i s  t h e  r e q u i r e d  d i f f e r e n c e .
C o n s id e r /
-  9 -
C o n s id e r  a r e c t a n g u l a r  p o r t i o n  o f  th e  s e c t i o n  
i n c l u d i n g  2m x 2n s q u a re s  o f  s i d e  s ;  
assume t h a t  Ip* i s  known on th e  sidles so 
t h a t  £  t h e r e  i s  0 ,  Let £  ta k e  th e  
s im p le  form
V '  ; 2"a
£ = y1 " ~Z~2n  s
where £, i s  th e  v a lu e  o f  £  a t  0 .  From ( 5 ) ,  
o
1 g 1 - / 1
£  = -  S . V  £  = " “ I " S  + “ ‘"£ "2 " '*
4 2 \m n  m V s
s
a t  0 ,
1 1
mS + ; sm n
Owing to  i r r e g u l a r  v a r i a t i o n s  i n  £  , S  i s  g r e a t e r  and 
t 0/ 6  i s  l e s s  t h a n  th e  v a lu e s  g iv e n  by t h i s  e x p r e s s i o n .  
I t  i s  found t h a t  u s in g
£
6
1 .5
T “
—  4
m^
( 6 )
n
a l l  o v e r  th e  s e c t i o n  g i v e s  good r e s u l t s  i n  p r a c t i c e .  The 
b e s t  p ro c e d u re  i s  to  t a k e  two d o u b le  ro u n d s ,  a p p ly in g  ( 6 ) 
to  th e  d i f f e r e n c e s  o f  t h e  seco n d .
I n /
-  10 -
In  a c t u a l  c a s e s  which a r e
1 |  -
/ * ‘2 ns
n o t  r e c t a n g u l a r ,  e q u i v a l e n t  v a lu e s  o f  j A \
B
m and n a r e  u s e d ;  f o r  example i n  * -  t p  ^ j-J"
an I s e c t i o n  th e  e q u iv a l e n t  r e c t -  \ -
ia n g le  i s  a s  shown, th e  e r r o r  i 1
b e in g  assumed a e ro  a t  AB and CD,
s in c e  may be f a i r l y  a c c u r a t e l y  e s t im a te d  t h e r e  by th e
fo rm u la  f o r  lo n g  t h i n  s e c t i o n s  ( 3 . 1 ) .
E xam ple . 16 x 6” I ,  F ig .  2; m = 3 , n  = 2 .5 ,  £ / &  = - 6
The c e n t r e  p o i n t  i n  ( a ) ,  \j}* + 8 ^ -  19, 1 s t  d o ub le
round  S  = 0 . 2 ,  2nd , 5  = 0 . 4 ,  t h e r e f o r e  2nd
1 2
app ro x . 'Vp + = 19 + 0 ,6  + 6 x 0 .4  = 2 2 ,  ( c o r r e c t l y
2 3 .1 ) .
The fo rm u la  ( 6 ) i s  v e ry  u s e f u l  and makes t h i s  
m ethod, o th e rw is e  l a b o r i o u s  f o r  t h i s  ty p e  o f  w ork , p r a c t i c a b l e .
3. So l i d  S e c t i o n s .
3 ,1 .  A p p l i c a t i o n  o f  th e  above m ethod . -  In  t h e
case  o f  p r ism s  w i th  s o l i d  s e c t i o n s ,  t h e  f i r s t  p o i n t  to
c o n s id e r  i s  th e  e s t i m a t i o n  o f  th e  maximum v a l u e s ,  f o r  
once t h e s e  a re  fo u n d  i n t e r m e d i a t e  v a l u e s  may be g u e sse d  by 
draw ing sm ooth cu rv es*  On a long  r e c t a n g l e ,  e x c e p t  a t  t h e
ends, we may assume 9 \ t f f  9  y  ~ 0 so t h a t  ( 1 ) becomes
-  2 ■=r~2 ~ - 2O x
2 2
I n t e g r a t i n g  = a -  x
rtf
2a .
i  -V
o
and Tlr =2 a where x = 0 . x  max.
T h i s /
-  11 -
T h is  h o ld s  f o r  any p a r a l l e l  s id e d  p a r t ,  su ch  a s  th e  web 
o f  an  I s e c t i o n  and a l s o  f o r  a g r a d u a l l y  t a p e r i n g  
p a r t  l i k e  th e  f l a n g e .
The maximum \J / v a lu e  on a c i r c l e  o f  r a d i u s  
a ,  i s  found by t r a n s fo r m in g  ( l )  to  p o l a r  c o o r d i n a te s  
g iv in g
A s -Jr 1 d ip -  1
t  +  -  .  - - - - -  +  —  . --------*  +  2  =  0
$  r 2 r  3  r  r 2 3  0
C> \ I r  ”5  fHere ---A. = 0 so t h a t  - - -  l r  . J + 2r = 0
(?) 6 3 r  \  0  r  j
, 1 p 1 1 o
. . Xjr = - a -  -  r  and f  mx> = - a
For I o r  L s e c t i o n s  th e  fo rm ula
\^- = .  a 2 + 0 .2 7  (b  2 + b 2 + b 2 + . . . )
* max. 2 .
may be u se d ,
2b3 K TFT
a
w
|bj><2
2b o
The t o r s i o n a l  p r o p e r t i e s  o f  a p r ism  a r e  e x p re s s e d  
by to r q u e  T = N t  ,C , s t r e s s  q = N T  .R w here C
i s /
-  12 -
i s  a q u a n t i t y  o f  th e  f o u r t h ,  and R, th e  s t r e s s  f a c t o r ,  
o f  t h e  f i r s t  d e g re e  i n  t h e  l i n e a r  d im e n s io n s  o f  th e  c r o s s  
s e c t i o n .  The r e l a t i o n  be tw een  T and q i s
T = q . *- • Now C = 2 1 |/ '0d x .d y ,  which i s
e a s i l y  e v a lu a t e d  s in c e  Iff i s  known th ro u g h o u t  th e  s e c t i o n .
To f i n d  th e  s t r e s s e s  a t  any  p o i n t  on t h e  
s e c t i o n  in v o lv e s  f i n d in g
This i s  done m ost e a s i l y  and a c c u r a t e l y  by d i f f e r e n c e  
fo rm u la e .  The v a lu e  o f  " 5 l | r / 2 ) x  a t  th e  c o r n e r  o f  a 
sq u a re  i s  g iv e n  by
s  . = A > £ -  -  -  a 3 I f  -  -  A 4 lj&- . . . .
or more g e n e r a l l y ,  f o r  a p o i n t  B on  th e  b o u n d a ry  n o t  a t  
the c o m e r  o f  a sq u a re
2 K -x S -3;<'S~H
?) Ifr 2x  + 1 o T 3x + 6x  + z , ,  \  i ' J
2
where a - q r ,  A  l | r  a r e  th e  f i r s t ,  seco n d  ------- -
d i f f e r e n c e s  o f  a t a b l e  o f  v a l u e s ,  whose l e a d in g  te rm  i s  
second , e-t,c*
A/
*• 13 -
A check  may be a p p l i e d  to  s o l u t i o n s  .for t h e  s o l i d
s e c t i o n s  o b ta in e d  by  n o t i c i n g  t h a t  th e  d i s t o r t i o n  (p , o f
*
th e  m a t e r i a l  p a r a l l e l  t o  t h e  a ri s  must be s i n g l e  v a lu e d .  
Hence ro u n d  any c lo s e d  curve  i n  th e  s e c t i o n
f  bG>
\ — — . ds = 0
.) ds
and als®  \    ds = 0
where (jj i s  t h e  f u n c t i o n  c o n ju g a te  t o  tp  and n i s  th e  
norm al to  th e  c u rv o .  A gain  “ip  =r -  l / 2 ( x ^  + y^)
dtp- f  d p  P d r
 i  . ds =• \ . do -  \ r  . t  . ds
3 n  J  b  n J b n
p  /
= 0 -  J  r . c o s  ( 0 , s )  . ds
= -  \  r  . d6 = -  SA . . .  (7)
where A i s  th e  a r e a  e n c lo s e d  by th e  c u rv e .  T aking  th e
boundary  as  t h e  c u rv e ,  ^  \ j y /  £) n  = R, th e  s t r e s s  
f a c t o r ,  and th e  r e l a t i o n  (7 )  e x p r e s s e s  th e  f a c t  t h a t  t h e  
a re a  u n d e r  th e  s t r e s s  f a c t o r  c u rv e ,  p l o t t e d  on t h e  b o u n d a ry ,
e q u a ls  tw ice  t h e  a re a  o f  t h e  s e c t i o n .  T h is  ch eck  has  b e en
a p p l i e d  to  m ost o f  the  s o l u t i o n s ,
3 .2  R e s u l t s . -  The t o r s i o n a l  p r o p e r t i e s  o f  
s e v e r a l  B r i t i s h  S ta n d a rd  s t r u c t u r a l  s e c t i o n s  were s o lv e d
a n d /
T a y lo r  and G r i f f i t h ,  A ero . R es. Comm., R.& M.392.
*» 14 •*
and th e  r e s u l t s  checked  by d i r e c t  t e s t ,  a s  shown i n  T ab le  I ,
There i s  a ls o  g iv e n  t h e  p r o p e r t i e s  a s  o b t a in e d  by t h r e e
ap p ro x im a te  f o rm u la e ,  one d e v e lo p e d  by th e  a u th o r  (C n ) ,
* x
one due to  G r i f f i t h ,  and th e  t h i r d  t o  Weber,
T ab le  I .
V a lu e s  o f  C and R » max. shown j
r C
‘ ^max.
S e c t io n A n a ly s i s D i r e c t
T e s t
A pproxim ate  Form ulae
C
1
G r i f f i t h  C
iM Weber C3
B .S .16  x 6" I 2 ,2 8
1 ,1 6
2 ,2 9
1 .1 8
B .S .5  x 4 J ” I 0 .5 7 4
0 .8 4
0 .5 7 2 0 .6 8 3
0 .8 7
0 .4 9 6
5 x 4 0 .3 9 0 0 .3 8 6 0 .4 5 7
0 .7 7
0 .3 4 2
B.S. 6  x 3” I 0 .1 6 7 0 .197
0 ,6 3
0 .1 4 3
6 X 3**1 0 .1 5 3 0 .1 5 0 0 .1 8 0
0 .6 2
0 ,1 2 8
B.S .4  x 3” l 0 .1 3 5 0 .166
0 .6 1
0 .1 1 3
4 x 3” I 0 . 1 1 1 0 .1 1 2 0 .132
0 .5 7
0 .0 9 8
B.S.6  X 3” C 0 .1 6 3 0 .1 7 9
0 .5 6
0 .1 4 3
6 x 3" C 0 .16 7 0 .1 6 4
0 .5 6
0 .1 4 7
B.S.12 x 4 ” C 0 .9 0 5
0 .8 4
0 .9 1 4 1 .010
0 ,8 2
0 .8 2 3
B.S.2 x 2 ” L 
x 3”
0 .03 44
0 .44 7
0 .0 3 * 6 0 .037 2
0 .4 4 5
0 .0 317
2 X 2 ” L 
x 0 .3 2 1 ”
0 $149 0 .045 4 0 .0 4 0 4
*
G r i f f i t h ,  A ero . R e s .  Comm., R.& M.334.
*Weber, Z . V . d . I .  B d .6 6 , 1922, p p . 764-769 ( a b s t r a c t ) ,  a la o
M echan ica l S n g in e e r in g ,  V .4 4 , 1922 ( a b s t r a c t ) .
The s e c t i o n s  f o r  w hich  a s o l u t i o n  i s  o b ta ined .
by a n a l y s i s  have d im e n s io n s  g iv e n  in  t h e  B . jS.S .A .  t a b l e s  
w hereas t h e  a c t u a l  s e c t i o n s  t e s t e d  have d im e n s io n s  some­
what d i f f e r e n t  from t h e s e .  Y e t th e  a p p ro x im a te  fo rm u la  
(C^) s u p p l i e s  t h e  l i n k  and shows t h a t  th e  t e s t  r e s u l t s  
a r e  in  ag reem en t w i th  th e  a n a l y t i c a l  s o l u t i o n s .
s e c t i o n  i n t o  r e c t a n g l e s  and w edges, th e  b a s i s  f o r  w hich  i s  
i n d i c a t e d  i n  (3 * 1 ) ,  where i t  i s  shown t h a t  p a r a l l e l - s i d e d  
and g r a d u a l l y  t a p e r i n g  p a r t s  have  th e  same -\£r v a l u e s  as  
when th e y  a r e  s e p a r a t e d  from  th e  s e c t i o n .  Now t h i s  
h o ld s  th r o u g h o u t  a s e c t i o n  e x c e p t  a t  t h e  j u n c t i o n s ,  and 
t h e r e  s p e c i a l  t r e a tm e n t  i s  n e c e s s a r y .  Weber, u s in g  t h i s  
method o f  d i v id i n g  i n t o  r e c t a n g l e s  and w edges, o b t a i n e d
The v a lu o  i s  o b ta in e d  by d i v i d i n g  th e
a n /
4 B + ' 4  ol
0 )i A b t l
! M C' •< q
'z B+ ’Act
- l e ­
an e x p r e s s io n  f o r  th e  j u n c t i o n s  by ap p ro x im ate  a n a l y s i s  which 
g iv e s  low r e s u l t s  as shown (C ^).
To o b t a i n  -  draw i n  th e  l a r g e s t  c i r c l e  
a t  a j u n c t i o n ,  r a d i u s  a .  C o n tin u e  t h e  b o u n d a r ie s  o f  
th e  p a r a l l e l - s i d e d  o r  wodge p o r t i o n s  t o  a  d i s t a n c e  0 .4 a  
p a s t  th e  c e n t r e  o f  th e  c i r c l e .  Thon = £C  f o r  th e
s e p a r a t e  c i r c l e s ,  r e c t a n g l e s  and wedges. Thus f o r  an
I s e c t i o n  w i th  f l a n g e s  o f  c o n s t a n t  t h i c k n e s s ,  F ig .  10a , 
t h e  s e p a r a t e  p a r t s  a r e : -
2 c i r c l e s  r a d i u s  a 
1 r e c t a n g l e ,  (A -  1 .2 a )  x t ^
4 r e c t a n g l e s ,  (B/2 + 0 .4 a )  x t_
In  u s i n g  th e  above fo rm u la ,  th e  v a lu e  o f  C f o r  
r e c t a n g l e s  may be found from  t a b l e s ,  o r  from
C = -  b t ^  -  0 .2 1  t ^  c o r r e c t  t o
1 /2 $  f o r  b / t > 2 , ( 8 )
where b =: b r e a d t h ,  t  = t h i c k n e s s .
For a wedge, a s  i n  ( 3 . 1 ) ,  
s in c e  d 2 \ P / £ y 2 H 0 on s t r i p  
t  x d y , \ p “ = ( 1 /2  t ) 2 -  x 2 , w i th  th e  
o r i g i n  a t  th e  c e n t r e  o f  t h i c k n e s s .
C = 2 1 dy
2. / 2t 
2 /  ^ r . dx =I l / 3 t '
b t x -  t g
dy = — . --------------
12 t  -  t 2
4
The c o r r e c t i o n  f o r  th e  ends i s  o b t a in e d  from ( 8 ) ,  and g i v e s
C = /
- 17 -
C
b t j _4 - 124
12 t x -  +,24.U
0.1 ( t x4 + t 24 )
For H , G r i f f i t h ' s  e m p i r i c a l  fo rm u la  g i v e snt&A •
good r e s u l t s  f o r  t h e s e  s e c t io n s *
b o u n d a r ie s  o f  t h e  B .S .5  x 4 - 1 / 2 ” , I ,  and th e
B .S .2  x 2 x 0 . 3 ” L, F ig s .  12 , 13. As shown i n  ( 3 .1 )  th e
a re a  u n d e r  t h e s e  c u rv e s  s u p p l i e s  a ch ec k  to  t h e  s o l u t i o n .
The s t r e s s e s  on t h e  f l a n g e  f a c e  and th e  web o f  t h e
5 x 4 - 1 / 2 ” , I  and th e  6 x 3!i C ,  w ere  found by means o f  
t e n s o m e te r s ,  ( s e e  3 .3 )  th e  r e s u l t s  a g r e e in g  w e l l  w i th  
a n a l y s i s  ( w i th in  5f ) .  F ig .  14 i l l u s t r a t e s  th e  e x p e r i ­
m ental and a n a l y t i c a l  s t r e s s e s  f o r  th e  f la n g e  f a c e  o f  th e  
I s e c t i o n .
a n a l y s i s .  The d im e n s io n s  a r e  th o s e  o f  s t a n d a r d  p r a c t i c e  
and t h e  r a d i u s  a t  th e  . I n te rn a l  c o rn e r  o f  t h e  keyway i s  t a k e n
equal t o  t h a t  on a s h a f t  t e s t e d  by Gough, so t h a t  t h e  r e s u l t s  
of a n a ly s i s  c o u ld  be compared w i th  th e  t e s t  r e s u l t s .  Two 
e n la rg em en ts  w ere r e q u i r e d  a t  t h e  i n t e r n a l  c o r n e r  and F i g , 15 
g iv e s  th e  co m p le te  s o l u t i o n  as  i l l u s t r a t i n g  t h e  m ethod .
Also th e  c u rv e  o f  s t r e s s  f a c t o r  ro un d  th e  b o u n dary  i s  g iv e n  
in  F i g . 16.
The s t r e s s  f a c t o r  R i s  p l o t t e d  ro u nd  th e
A s h a f t  w i t h  keyway h as  a l s o  been  s o lv e d  by
R e s u l t s /
*
Gough, A ero . R es . Com m ittee. R.& M.8 6 4 .
T  3 0 0 5 -  
St r u t  9  
Fig s . 12. is
u^oqo'Q-j sssuqc, a  uoqo'Qj seajqg
T. 5005. 
S tru t 9. 
F ig. 14.
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4 /2  I  SECTION, WHEh TORQUE = S TONS-1NS.
o Analysis.
X E x perim en ta l.
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R e s u l t s . Rad. = 10,
A n a ly s i s  C = 14 ,30C ; R = 1 7 .8 ;  R = 1 2 .4. x
Gough1s t e s t s  G = 14 ,300  and 13,900
G r i f f i t h 1s fo rm u la  C = 1 4 ,6 0 0 ; Rx = 1 1 .7
where R^ i s  th e  s t r e s s  a t  t h e  c e n t r e  o f  keyway.
3 .3  T e s t s . -  T o r s io n  t e s t s  on th e  s t r u c t u r a l  
s e c t i o n s  were c a r r i e d  o u t u s in g  a 100 T c a p a c i ty  B uckton 
t e s t i n g  m ach ine . T w is t  was m easured  by  two m i r r o r s ,  whose 
fram es were p in n e d  a t  th e  c e n t r e  o f  th e  f l a n g e  f a c e s ,  and 
two t e l e s c o p e s ,  s i g h t i n g  on s c a l e s  r e f l e c t e d  in  t h e  m i r r o r s .
The d i s t a n c e  be tw een  specim en  and s c a l e  was 2 7 4 " ,  and th e  
s c a l e s  c o u ld  be r e a d  to  1 /5 0 ” , a l lo w in g  a h ig h  d e g re e  o f  
a c c u ra c y .  F ig .  17 shows th e  g r i p s  f o r  th e  I and  C
s e c t i o n s .  At f i r s t  th e  key p i e c e s  were f a s t e n e d  to  th e
f l a n g e s  by  t h r e e  p i n s ,  b u t  th e  t o r q u e - t w i s t  c u rv e s  p ro d u ce d  
had l a r g e  l o o p s f due to  th e  end c o n s t r a i n i n g  a c t i o n s  
p r e v e n t in g  th e  c e n t r e  l i n e s  o f  th e  f l a n g e s  from  t a k i n g  up 
t h e i r  p o s i t i o n s  on a h e l i x ,  and t h e r e b y  a p p ly in g  a  t r a n s v e r s e  
bend ing  moment. T h is  t r o u b l e  was c o m p le te ly  su rm ounted  
by h a v in g  o n ly  one p i n ,  c o n n e c t in g  g r i p  to  f l a n g e ,  and 
f r e e  t o  t u r n  i n  t h e  g r i p ,  and by h a v in g  th e  s u r f a c e s  w e l l  
g re a se d  t o  e l i m i n a t e  f r i c t i o n .
T y p ic a l  t o r q u e - t w i s t  c u rv e s  a r e  shown i n  F i g . 18
In  o r d e r  to  m easure  th e  s t r e s s e s  on th e  specim ens 
H uggenberger T en so m e te rs  o f  gauge l e n g t h  1” and ( l / 2 n ) were 
u sed . S in c e  th e  s c a l e  can be r e a d  t o  0 . 0 2 ” and th e  m agni­
f i c a t i o n  i s  1200, th e  s t r e s s e s  a re  m easu red  to  0 .2  to n s  p e r  
2
in .  . To d e te rm in e  th e  s h e a r  s t r e s s  a t  any p o i n t ,  s t r a i n
r e a d i n g s /
T  3 0 0 3 .
S t r u t  9 . 
F ig . 15.
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r e a d in g s  a r e  t a k e n  on two d i r e c t i o n s  
a t  45° t o  t h i s  s t r e s s ,  AB and CD 
i n  F i g . l 9 .  I f  e i s  th e  s t r a i n ,
Ee _
s h e a r  s t r e s s  q = ---------- , . where 6  =
1 + G
P o i s s o n ! s r a t i o ,
A second  u s e  found  f o r  th e  In s t ru m e n ts  was th e  s tu d y  
o f  end e f f e c t s ,  th e  s t r e s s e s  b e in g  fo u n d  c lo s e  t o  t h e  g r i p s .  
There  was no a p p r e c i a b l e  d i f f e r e n c e  a t  a d i s t a n c e  o f  h a l f  th e  
f l a n g e  b r e a d t h  from  th e  edge o f  th o  g r i p  and t h i s  was checked  
by  m oving one m i r r o r  t o  t h i s  p o s i t i o n ,  and f i n d i n g  t h e  t w i s t  
on th e  new gauge l e n g t h .
A t an  i n t e r n a l  s h a r p  c o rn e r  th e  s t r e s s  b y  c a l c u l a ­
t i o n  becomes i n f i n i t e .  A c t u a l l y ,  a s  I s  w e l l  known, l o c a l  
y i e l d i n g  r e l i e v e s  t h i s  h i g h  s t r e s s .  Y et i t  was th o u g h t  w o r th  
w h i le  rem o v in g  th e  f i l l e t  a t  t h e . j u n c t i o n  o f  f l a n g e  and  web i n  
th e  c a se  o f  two I  s e c t i o n s  and t e s t i n g  t h i s  a l t e r e d  s e c t i o n .  
The r e s u l t  was t h a t  no d i f f e r e n c e  c o u ld  be d e t e c t e d  i n  t h e  
to rq u e  c a u s in g  f a i l u r e ,  a s  shown in  t a b l e  2 .
T here  w ere  t h r e e  t e s t  specim ens f o r  th e  same s i z e
o f  s e c t i o n ,  one b e in g  u se d  f o r  th e  t e s t  t o  f a i l u r e ,  th e  second
f o r  th e  t e s t  w i t h  th e  f i l l e t  rem oved, and t h e  t h i r d  c u t  up
i n t o  s p e c im e n s .  These specim ens
were c i r c u l a r  and  r e c t a n g u l a r  and
were t a k e n  from  th e  p o s i t i o n s  shown
in  F i g .2 0 .  U s ing  a  s i n g l e  l e v e r
t o r s i o n  t e s t i n g  m ach ine , and
te l e s c o p e  and m i r r o r  a p p a r a t u s ,  th e
r i / r i d i t y  m odulus N, and th e  to rq u e
a t  f a i l u r e  were found  f o r  t h e  
sp e c im e n s .
T h e /
c i r c u l a r  specim ens
S*" web ^77
specimens^}
i ■ l •
t  f l a n g e  JT
sp e c im e n s .
F ig .  2 0 .
F ig .  19.
— 20  —
The v a lu e  o f  N v a r i e d  from  11*62 -  11*79 x 106
2 6 l b * / i n  so  th e  a v e ra g e  v a lu e  N = 1 1 .7  x 10  was u s e d .
In  c a l c u l a t i n g  th e  s t r e s s e s  from  th e  te n s o m e te r  
t e s t s  i t  i s  n e c e s s a r y  to  know Young’s m o du lus , E, and 
P o i s s o n ' s  r a t i o ,  th e s e  w ere  found  by  s u b j e c t i n g  t h e  r e c ­
t a n g u l a r  spec im en s  to  t e n s i o n  in  o r d e r  t o  m easu re  th e  l o n g i ­
t u d i n a l  and t r a n s v e r s e  s t r a i n s .  The r e s u l t s  a r e
E = 3 0 . 5  10 l b  . / I n . 2 <5 = 0 .3 0
A ga in , c a l c u l a t i n g  6  from  E = 2N(1 + 6 ) ,  g iv e s  6  = 0*30
3 .*  F a i l u r e M o s t  p a r t s  o f  c o n s t r u c t i o n ,  s u b j e c t e d  
to  t o r s i o n  a r e  c o n s id e r e d  t o  have  f a i l e d  when th e y  ta k e  a co n ­
s i d e r a b l e  pe rm anen t s e t*  F o r  d u c t i l e  m a t e r i a l s  l i k e  m i ld  
s t e e l  t h i s  i s  t h e  c r i t e r i o n  in  th e  c a se  o f  s t e a d y  s t r e s s e s *
F i g .21 shows a t y p i c a l  t o r q u e -
Tort w i s t  c u rv e  f o r  a c i r c u l a r  
specim en o f  m i ld  s t e e l .  A f t e r
A
th e  e l a s t i c  l i m i t  i s  p a s se d  th e  
cu rve  v a r i e s  f o r  d i f f e r e n t  s p e c i ­
mens, som etim es show ing a d e f i n i t e  
y i e l d ,  a s  a t  ( a ) ,  o r  no d e f i n i t e  (
y i e l d ,  a s  a t  ( b ) .  T h is  depends 
on th e  r a t e  and manner o f  l o a d i n g ,  and  on th e  h e a t  and m e c h a n ic a l  
t r e a tm e n t  th e  m a t e r i a l  has  r e c e i v e d .  B ecause  o f  t h i s  i n d e f i n i t e *  
n e s s ,  i t  would  seem b e t t e r  t o  u se  a  l i m i t  of p r o p o r t i o n a l i t y  o r  
a to r q u e  g iv in g  a  d e f i n i t e  pe rm anen t t w i s t ,  a s  th e  b a s i s  o f  
f a i l u r e ,  i n  p r e f e r e n c e  to  a y i e l d  p o i n t .  Now th e  l i m i t  o f  
p r o p o r t i o n a l i t y  i s  to o  s e v e re  a b a s i s  and v e r y  i n d o f i n i t e ,  s i n c e  
w i th  a c c u r a t e  t w i s t  m e a su r in g  a r ra n g e m e n ts  i t  can  be ta k e n  a t
n e a r l y /
( b )
T w is t
F i g .  21 .
n e a r l y  z e ro  t o r q u e .  On th e s e  c o n s i d e r a t i o n s  i t  was d e c id e d  
to  u s e  a  p r o o f  to rq u e  a s  t h e  b a s i s  o f  f a i l u r e ,  d e f i n i n g  i t  a s  
th e  to r q u e  p ro d u c in g  a  d e v i a t i o n  from  th e  e l a s t i c  l i n e  o f  1 0^  
o f  th e  e l a s t i c  t w i s t  a t  t h a t  t c r q u e . In  F i g , 21 th e  p ro o f
to rq u e  i s  OA, p ro d u c in g  BC = -1** AB, T h is  b a s i s  was con -
1°
s i d e r e d  a s  a l s o  s u i t a b l e  f o r  c o m p l ic a te d  s e c t i o n s  as* th e  c u rv e s  
a r e  o f  t h e  same fo rm , F i g . i s .
In  t h e  t e s t s  on th e  s t r u c t u r a l  s e c t i o n s ,  i t  was 
fo u n d  t h a t  t h e  c a l c u l a t e d  maximum s t r e s s e s  a t  p ro o f  t o r q u e ,  
were c o n s i d e r a b l y  h i g h e r  th a n  th e  c o r r e s p o n d in g  maximum s t r e s s e s  
of th e  s p e c im e n s , th e  c a l c u l a t i o n s  assum ing  p e r f e c t  e l a s t i c i t y *  
T h is  i s  shown i n  column 6 c i  t a b l e  2 .  Thus l o c a l  h ig h  
s t r e s s e s  do n o t  have a s  much e f f e c t  as  would  be  a n t i c i p a t e d  
from  a n a l y s i s  . So th e  e f f e c t i v e  maximum s t r e s s  i s  l e s s  th a n  
th e  c a l c u l a t e d ,  and a fo rm u la  c o n s i s t e n t  w i t h  th e  r e s u l t s  o f  
t h e s e  t e s t s  i 9
1
**eff, ~ * W an  + ~ (^ W x ,  ~ ^mean^  ...............  (9 )
where i s  th e  mean s t r e s s  f a c t o r  on th e  b o u n d a ry  and
e q u a ls  Rm0an = A = a r e a  o f  s e c t i o n ,  P = l o n g th  o f  
b o u n d a ry .  Column 7 ,  t a b l e  2 g iv e s  th e  r e s u l t s  o f  t h i s  
f o r m u la ,
T ab le  2-./
- 1 • -----
G uest and Lea, P .R .S .  93 , 1916-17 .
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T a b le 2 .
I I I . - I I  ■  I I I . . .  I
Specimen C
S t r e s s
^inax-
f a c t o r
R ^  e f f ,
P ro o f
Torque
T
S t r e s s
qmax. q e f f .  =
T/C .  Reff>
i n .  ^ in . i n . t o n s /  i n t o n s /  in^ t o n s /  in ^
5X3 1 0 .1 5 5 0 .60 0 .3 7 5 .2 2 0 .1 12 .4
5X3 1 , f i l l e t s
removed 0 .1 4 7 h ig h 5 .1
Circle 0 .5 0 0 ”
diameter. 0 .0 0 6 1 6 0 .2 5 0 .2 5 0 .2 8 3 1 1 .5 1 1 .5
Flange r e c t .
2,01 x 0 .2 8 8 0 .0 1 4 6 0 .2 9 0 .2 6 0 .7 0 1 3 .9 1 2 .5
fob r e c t .
2,02 x 0 .2 7 6 0 .0129 0 .2 8 0 .2 5 0 .7 0 1 5 .2 1 3 .6
5 x 4 -1 /2  I 0 .3 9 0 0 .7 4 0 .4 6 8 .4 1 5 .9 9 .9
5x 4 -1 /2  I
fillets rem oved 0 .3 7 6 h ig h 8 .7
Circle 0 .6 4 3 ”
diameter 0 .0168 0 .3 2 0 .3 2 0 .5 2 9 .9 9 ,9
Flange r e c t .
2,02 x 0 ,4 7 5 0 .0 6 2 0 0 .4 7 5 0 .4 0 1 .4 6 1 1 .2 9 ,4
teb r e c t ,
2.01 x 0 .2 8 2 0 .0 1 3 6 0 .2 8 0 .2 6 0 .7 0 14 .4 1 3 .4
u  c 0 .1 6 7 0 .5 6 0 .3 6 4 .8 16 .1 10 .4
lange r e c t . 0 .0400 0 .4 2 5 0 .3 5 1 .1 6 1 2 .3 1 0 .2
bb r e c t . 0 .0104 0 .2 6 0 .2 4 0 .5 8 . 1 4 .5 1 3 .4
jx 3 I 0 .1 1 1 0 ,5 7 0 .3 5 3 .6 1 8 ,5 1 1 .0
x 2 x 0 .3 1 L 0 .0 4 4 9 0 ,50 0 .3 3 1 .5 1 6 .7 1 1 .0
I t  w i l l  b e  n o t i c e d  t h a t  th e  web spec im ens  show 
h ig h e r  s t r e s s e s  th a n  th e  o t h e r s ,  b u t  t h i s  does n o t  i n t e r f e r e  
w ith  th e  c o n s i s t e n c y  o f  th e  r e s u l t s  s i n c e ,  as  i s  shown i n  
P ig ,  13, t h e  m a t e r i a l  which f a i l s  i n  a  s t r u c t u r a l  s e c t i o n  
i s  th e  f l a n g e  a t  t h e  j u n c t i o n  o f  th e  web, th e  r e g i o n  from 
which th e  c i r c u l a r  and f l a n g e  r e c t a n g u l a r  specim ens a r e  
ta k e n ,
4 . /
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4 . Hollow S e c t i o n s .
4 . 1 .  A p p l i c a t ion  o f  t h e  A n a l y t i c a l  M ethod. -  We 
can n o t  p ro c e e d  d i r e c t l y  w i th  th e  s o l u t i o n  s in c e  t h e r e  a re  
two b o u n d a r ie s  and t h e  c o n s ta n t  f o r  one o f  them i s  unknown. 
I f  i t s  v a lu e  i s  e s t im a t e d ,  and a s o l u t i o n  o b t a i n e d ,  e q u a t io n  
(7) sh ou ld  be  s a t i s f i e d ,  on b o th  b o u n d a r i e s .  The amount 
and s ig n  o f  th e  e r r o r  in  (7) g iv e s  a p p ro x im a te ly  th e  
n e c e s s a r y  c o r r e c t i o n  t o  th e  unknown c o n s t a n t .  So t h e  
p ro c e d u re  i s  to  s o lv e  (1) w i th  one b o u n d a ry  c o n s t a n t  
e s c im a te d ,  n e x t  to  c o r r e c t  th e  c o n s t a n t  from  th e  s o l u t i o n ,  
and th e n  to  s o lv e  (1 ) a g a in  w i th  th e  new v a l u e .  U s u a l ly  
two s o l u t i o n s  a r e  s u f f i c i e n t  and i t  s h o u ld  be n o t i c e d  t h a t  
th e  second  i s  q u i t e  s h o r t  s in c e  th e  -vjr v a l u e s  by  a r e g u l a r  
a l t e r a t i o n  o f  th o s e  o f  th e  f i r s t  s o l u t i o n ,  a r e  n e a r l y  
c o r r e c t .
Thus f o r  th e  h o l lo w  s q u a r e ,  30 x 30” o u t s i d e ,  and 
3” t h i c k  ( s e e  4 . 2 ) ,  t a k i n g  th e  o u t e r  boundary  c o n s t a n t  
Bg = 0 ,  th e  i n n e r  by e s t i m a t i o n  = 48, t h e  s o l u t i o n
g iv e s
f n 2 .d s  = 2040 2Ag = 1800
L ength  o f  o u t e r  b o u n dary  = 120, so R sh o u ld  be d im in is h e d  
on th e  a v e ra g e  by  2 .  Now, s in c e  R i s  th e  s lo p e  o f  “V£-r  
and t h e  t h i c k n e s s  i s  3 , t h e  c o r r e c t e d  v a lu e  o f  B i s  
48-2  x 3 = 4 2 .  S i m i l a r l y  from  th e  second  s o l u t i o n  a 
t h i r d  a p p ro x im a t io n  to  B^ i s  4 2 .4 ,  and hence  i t  i s  n o t  
n e c e s s a r y  t o  p ro c e e d  w i th  t h e  t h i r d  s o l u t i o n  f o r  a c c u ra c y  
w i th in  1$.
The/
24 *■'
The fo rm u la  f o r  C i s
' * \ ! f )  1' “ T ' f a ' 4> 'J j
where the  s i n g l e  i n t e g r a l  i s  t a k e n  round  t h e  b o u n d a r i e s ,  and 
the doub le  i n t e g r a l  o v e r  th e  s e c t i o n .
. . C = 2A-jB^ -  2AgB2 + 2 ] I ^ T  . d x .d y
where A^, Ag a re  a r e a s  e n c lo s e d  by i n n e r  and o u t e r  
boundaries  and B- ,^ Bg a re  th e  i n n e r  and o u t e r  b o u n d a ry  
c o n s ta n t s .
4 .2  T h in  T u b e s . -  An a p p ro x im a te  s o l u t i o n  i s
*
e a s i ly  o b t a i n e d  , g i v in g
4A2t
T = 2Aqt =   . N T .    ( 1 0 ) .
I
where A i s  t h e  a r e a ,  and I t h e  l e n g t h  o f  th e  mean l i n e  
midway be tw een  t h e  b o u n d a r i e s ,  and t  i s  t h e  th ic k n e s s #
The o n ly  e x p e r im e n ta l  work done on tu b e s ,  o t h e r
x
than c i r c u l a r ,  t h a t  c o u ld  be t r a c e d ,  was by V e d e le r  and th e  
r e s u l t s  he o b t a i n e d  showed t h a t  th e  an g le  o f  t w i s t  up t o  
twice t h a t  g iv e n  by ( 1 0 ) .  He e x p la in e d  t h i s  by th e
d i s c o n t i n u i t y /
*
Case, S t r e n g t h  o f  M a t e r i a l s .
x
V e d e le r ,  T r a n s .  I n s t .  ^ av . A rc h . ,  1924.
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d i s c o n t i n u i t y  a t  th e  c o r n e r s .  So i t  was d e c id e d  t o  f i n d  
th e  p r o p e r t i e s  o f  a  h o l lo w  sq u a re  b o th  by a n a l y s i s  and by 
t e s t .
The a n a l y s i s  was t a k e n  on a  h o llo w  s q u a r e ,  30 x 30 
o u t s i d e ,  3 t h i c k ,  Yvhen th e  o u te r  b o u n d a ry  c o n s t a n t  B = 0 , 
th e  i n n e r  = 4 2 , 4 ,  The s t r e s s e s  on th e  b o u n d a r ie s  a r e  
g iv e n  i n  P ig ,  22 ,
The c h ec k s  J  , ds
2Ag =s 1800, 2A1 = 1152
By a n a l y s i s  G = 63 ,000
By t h e  a p p ro x . fo rm u la ,  C =s 59 ,0 00
Thus even  f o r  t h i s  m o d e ra te ly  t h i c k  tu b e  t h e  e r r o r  
in  th e  a p p ro x im a te  th e o r y  i s  s m a l l .
In  t h e  t e s t s  i t  was th o u g h t  w e l l  t o  a v o id  r i v e t e d  
o r  w e ld ed  j o i n t s ,  and t h e r e f o r e  s o l i d  drawn c i r c u l a r  t u b e s ,  
hammered to  s q u a re  form were u se d .  The d im e n s io n s  w ere  
3 -1 /4  x 3 - 1 / 4 ” o u t s i d e  and two t h i c k n e s s e s  0 .1 7 2 ” and 
0 .2 3 3 ” , They w ere  a n n e a le d  to  remove i n i t i a l  s t r e s s  as  
f a r  a s  p o s s i b l e .  The t e s t s  were ta k e n  in  a s i m i l a r  m anner 
to  t h o s e  on t h e  s t r u c t u r a l  s e c t i o n s ,  a l th o u g h  a much more 
r i g i d  ty p e  o f  g r i p  was fo und  n e c e s s a r y ,  as shown i n  P ig .  17, 
The t w i s t  was m easu red  and th e  s t r e s s e s  checked  by t e n s o -  
m e te r s .  There  was f a i r  ag reem en t b e tw een  t h e s e  r e s u l t s  and 
th e  a p p ro x im a te  fo rm u la  ( 1 0 ) ,  5 /  b e in g  th e  maximum d i f f e r e n c e  
in  t h e  t w i s t  and 10?  i n  t h e  s t r e s s .
Therefore/
, A , .= I 8 0 1 / a ,  .d s  = 1151
T.5 0 0 5 . 
Strut 9 . 
Fig. 22.
STRESS FACTORS on  BOUNDARIES 
F HOLLOW SQUARE. 5 0  x 30  x 3.
h
d  S J O ^ O C - j
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T h e r e fo r e  (10) g iv e s  s u f f i c i e n t l y  a c c u r a t e  r e s u l t s
f o r  t u b e s  o f  th e  above o r d e r  o f  t h i c k n e s s ,  V e d e l e r ’ s 
h ig h  t w i s t  v a lu e s  co u ld  be e x p la in e d  by s l i p p i n g  a t  th e  
r i v e t e d  c o n n e c t io n  in  h i s  t e s t  sp e c im en .
o f  a d i s c o n t i n u i t y  in  t h e  form  o f  a r e c t a n g u l a r  h o l e ,  c u t  
i n  one s i d e  o f  th e  t u b e .  Pig* 17 shows th e  p o s i t i o n  and 
s i z e  o f  th e  h o l e s .  The p ro c e d u re  was to  t a k e  a t e s t  w i th  t h e  
s h o r t e s t  l e n g t h  o f  h o l e ,  t h e n  to  i n c r e a s e  th e  l e n g t h  and 
r e - t e s t .  T his was done on tu b e s  o f  two t h i c k n e s s e s  and 
th e  r e s u l t s  gave th e  p e r c e n ta g e  i n c r e a s e  i n  t w i s t  as i n ­
d e p en d e n t  o f  t h e  t h i c k n e s s .  Also th e  i n c r e a s e  i n  t w i s t  
was p r o p o r t i o n a l  to  th e  l e n g t h  o f  th e  h o l e ,  f o r  l e n g th s  
l e s s  t h a n  3” , and  co u ld  be e x p re s s e d  i n  th e  fo rm  - -  
l e n g t h  I  i n c l u d i n g  th e  1 - 1 / 4 ” h o le
th e  h o l e s  w i th  t h e  t e n s o m e te r s  u s in g  1 / 2 ” gauge l e n g t h .  
The maximum t e n s i l e  s t r e s s  l a y  b e t  ween 3 ,5  and 4 t im e s  t h e  
t e n s i l e  s t r e s s  i n  th e  u n c u t  tu b e  and was a l s o  in d e p e n d e n t  
o f  th e  t h i c k n e s s .  T h is  a g r e e s  w i th  th e  c o n c e n t r a t i o n  
f a c t o r  f o r  a c i r c u l a r  h o le  i n  a f l a t  p l a t e  s u b j e c t e d  t o  
s h e a r in g  s t r e s s e s .
An i n t e r e s t i n g  p o i n t  i n v e s t i g a t e d  was th e  e f f e c t
o f  l e n g t h  V  ( l ^ S ” ) ,  h a s  th e  same 
a n g le  o f  t w i s t  p e r  u n i t  to r q u e  
as l e n g t h  (1 + 0 , 7 1 f ) o f  th e  
un cu t tu b o .
The s t r e s s e s  were m easured  a t  th e  c o r n e r s  o f
4 .3 /
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4 .3  H ollow  S e r r a t e d  S h a f t . -  The e v a l u a t i o n  o f  
the t o r s i o n a l  p r o p e r t i e s  o f  th e  h o l lo w  s e r r a t e d  s h a f t ,  
shown i n  P ig .  24 , i n t r o d u c e s  a  d e p a r t u r e  from t h e  u s u a l  
method. As t h e r e  i s  symmetry i t  i s  o n ly  n e c e s s a r y  to  
solve t h e  p a r t  o f  th e  s e c t i o n  o f  s e c t o r  sh a p e ,  i n c lu d in g  
a h a l f  s e r r a t i o n ,  ABCD. By confo rm al r e p r e s e n t a t i o n ,  
th is  s e c t o r  can  be t r a n s fo rm e d  in to  a 
r e c ta n g u la r  shape a s  shown, A’B fC’D1,
Pig. 2 3 ,  whiclh i s  more s u i t a b l e  when ‘ ^  
applying th e  a n a l y t i c a l  m ethod .
The fo rm u la  of t r a n s ­
form ation  i s
B *
P ig .  23.
+ i  yj -  m lo g  (x  + iy )  = m lo g  r  + mi6
  ( 11)
. j? = m lo g  r  
= me7
where m h as  any c o n v e n ie n t  v a lu e  and i s  cho sen  to  make 
A'D’an e x a c t  number o f  u n i t s .  The new boundary  A ’B ^ ’D* 
is found u s in g  ( 1 1 ) ,  and n o t i c i n g  t h a t  a t  B f t h e r e  i s  a 
c i r c u la r  a r c  o f  r a d i u s  m lo g  4 . 4 9 / 4 . 3 9 ,  fo r  in  t h i s  ty p e  
of r e p r e s e n t a t i o n  i n f i n i t e s i m a l  e le m e n ts  a re  s i m i l a r .
I t  may be shown t h a t
+ s V  _ y  V V  . a V
" d 'x § " t" y § "  [?> j 2 <5 t j 2
Now th e  t o r s i o n a l  p r o p e r t i e s  a r e  fo u n d  by s o l v i n g  e i t h e r
15005. 
S t r u t  9  
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a V  f t2 w
- ” -2  + ” " 2  + 2  = 0 o r  4 - ^  + 4 - 4  = 0
o  x  d  y d x d y
w here  ^  ^  -  -  (x^  + y^)
2
Thus i t  i s  s im p le r  t o  u s e  if/ i n  t h i s  c a s e  s in c e
2 m 2 2 / 2  2 
■5 = r .  ( & . %  ■3 . 4  + ! [3>_ + _a_^ , = 0
3 £ S d 4  m  ^ 3 x2 dy'
1
and (3 )  becomes lj/ = -  («^ + ^  + if, +
4
F ix in g  th e  v a lu e  o f  y> a t  one p o i n t  on t h e  o u t e r  
b o u n d a ry  ( ^  = 0 a t  B* in  F i g . 2 4 ) ,  i t s  v a lu e  a t  t h e  
o t h e r  p o i n t s  on t h i s  b o u n d a ry  i s  fo u nd  from 
^  -  1 /2  = c o n s t a n t .  As th e  i n n e r  b o u n d a ry  c o n s t a n t
i s  a t  p r e s e n t  unknown, i t  i s  e s t im a t e d  a t  t h e  (j/ v a lu e  
on t h e  o u t e r  b o u n d a ry  w hich  l i e s  on a mean c i r c l e ,  t h a t  i s ,  
i t  l i e s  a b o u t  t h e  m idd le  o f  th e  ra n g e  o f  v a l u e s  on t h e  o u t e r  
b o u n d a ry .
The r e l a t i o n  w h ich  must b e  s a t i s f i e d  by  (f/ on any
cu rve  i s
, ds = 0 ( s e e  3 . 1 ) .
d  n
On a c i r c l e
.  P-ht . a .
5 n  J  d r
f a  U, » X
V  3 J * ; • r • ; • d7
. ./
T> W
• • I Q - y ’ • = 0 m ust h o ld  on a  JP = c o n s t a n t  l i n e  . . ( 1 2 )
Again  f o r  a c i r c l e ,  s o l i d  o r  h o l lo w ,
T 1 2"yf =■ c o n s t .  -  -  r  ( s e e  3 .1 )
2
and. f  = Hf + 1 /2  r  = c o n s t ,  o v e r  th e  s e c t i o n ;  th u s  \j>
h a s  a c o n s t a n t  v a lu e  on th e  s e c t i o n  o f  t h e  s e r r a t e d  s h a f t
from  ^  = 0 to  ^  = 8 ( found  by  t r i a l ) ;  th e  e f f e c t  o f
i r r e g u l a r i t y  i n  t h e  o u t e r  bound ary  does n o t  e x t e n d  i n t o  
t h i s  r e g io n .  The s e t t l i n g  o f  t h e  f i e l d  from  ^  = 8 to
5 *  15 , 63 s o lv e s  t h e  p rob lem .
The v a lu e  o f  ij/ a t  = 8 was q u i c k ly  fo u n d ,
two e s t i m a t i o n s  b e in g  s u f f i c i e n t ,  a s  shown, t o  s a t i s f y  (12) 
on t h i s  l i n e .
The a n a l y t i c a l  method i s  p a r t i c u l a r l y  s u i t a b l e  f o r  
a  p ro b lem  o f  t h i s  t y p e ,  s in c e  i t  makes f u l l  u se  o f  symmetry 
and r e g u l a r i t y .
F i n a l l y ,  th e  s t r e s s  f a c t o r  R = $ " \ £ r / d n * H ere , 
a s  i n  most c a s e s ,  th e  maximum s t r e s s  o c c u r s  a t  a p o i n t  on th e  
bo un d a ry  where t h e  norm al i s  a r a d i a l  l i n e .
(\-vp- m ?) If
At B' R = y-X- = -  . -  I*
d r  r  0  J
C a 2A-JBJ -  2AgBg + 2 jj* [ ^ -  -  r 2 ) dx .dy
= 2A1B1 -  SAgBg + t  J J r \  .  I  r 4 ) d j  . d ^
And
T h e /
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The r e s u l t s  a r e
C = 595; R = 13.3
When t h e s e  a re  compared w i t h  a h o llo w  c i r c u l a r  s h a f t ,  1 0 ” 
o u t s i d e  and 5 . 8 ” i n s i d e  d ia m e te r ,  a s  s t a n d a r d ,  th e y  g iv e
S t i f f n e s s  r a t i o ,  C/C = 0 ,6 8s
S t r e s s  r a t i o ,  R/R = 2 .6 6s
C/R
S t r e n g t h  r a t i o   =: 0 .2 5 6  = r a t i o  o f  t o r q u e s ,
C /R  s '  s
p ro d u c in g  t h e  same maximum s t r e s s .
The s t r e n g t h  r a t i o  to  t h a t  o f  a  h o l lo w  s h a f t  whose o u t e r  
d ia m e te r  e q u a l s  th e  d ia m e te r  a t  th e  b o tto m  o f  t h e  s e r r a t i o n s  
i s  0 .4 1 4 .
5 .  Bar o f  v a ry in g  c i r c u ? .a r  s e c t i o n .
Here e q u a t io n  (2 ) i s  t o  be s o lv e d  on an  a x i a l  s e c t i o n ,  
rO z ; th e  m ethod i s  s i m i l a r  to  t h a t  f o r  s o l i d  b a r s  ( s e e  3 , 1 ) .
For e s t i m a t i n g  ^  v a l u e s ,  c o n s id e r  
s e c t i o n s  where t h e  d ia m e te r  i s  
c o n s t a n t  o r  v a r y in g  s l i g h t l y ,  
some d i s t a n c e  from  p o s i t i o n s  
where i t  i s  ch an g in g  r a p i d l y  
su c h  as  0A, BC, F i g . 25
F ig .  25.
oVHere = 0 and (2 )  becomes
0  z
J5_ _ .  , P - J t .  = o g iv in g  <p = . k r^
Q r  p g) r
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ip i s  th e n  c a l c u l a t e d  f o r  c o rn e r s  o f  s q u a re s  on OA and BC, 
n o t in g  t h a t  s in c e  ip i s  c o n s t a n t  on th e  b o u n d a ry , 
ip  ^ = ip q# A lso ip  = 0 on OB; t h e r e f o r e  ip  i s  known
c o m p le te ly  on th e  b o u n d a r ie s  o f  a r e a  OABC. I n t e r ­
m e d ia te  v a l u e s  a r e  g u e sse d  t o  g iv e  r e g u l a r  i n c r e a s e s .
When e q u a t io n  (3) i s  a p p l i e d ,  we have
9 U = -1 ( 9 a + ? b  + 9c + W  - - •4 r  0  r  8
Hence < 5 ^ / c ) r  i s  t o  be  found from  t h e  e s t im a t e d  v a l u e s ,  and 
i n  th e  c a s e s  t r i e d  i t  was s u f f i c i e n t  t o  t a k e  f i r s t  d i f f e r ­
e n c e s ,  Thus f o r  th e  p o i n t ,  E midway be tw een
C and B,
P .9 .  -  9 b  -  9 c
d r  S
A lso s i n c e  t h i s  c o r r e c t i o n  was sm a l l  i t  d id  n o t  change as 
th e  ip  v a lu e s  a l t e r e d  s l i g h t l y  on s e t t l i n g .
The s t r e s s e s  a r e ,  P ig .  25 ,
N
'2
9  n^ L mm Q
d r  2
N P.9
d  z
Hence th e  s t r e s s  on th e  b o u n d a ry ,  i s  / r iv e n  by
„ = _N P.9  = _N_ / f p 9 f  + f & 9
r 5 b  n  r  v \ d  r j  y d  z
where n i s  th e  no rm al to  th e  b o u n d a ry .  I t  i s  a maximum 
on th e  b o u n d a ry .
F o r /
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For t h e  t w i s t ,  l e t  (/' bo t h e  a n g u la r  p o s i t i o n  o f  
any p o i n t  w i t h  r e f e r e n c e  to  i t s  u n s t r a i n e d  p o s i t i o n
• _ 3  <P _ H 5  V • 9  _ 1 S  ^, , q -  hr  - - - -  -  “p • “ “ — • • — “ “5 • ---------
Q z r * O r  Q z r °  O r
So t h e  t w i s t  b e tw ee n  two c r o s s  s e c t i o n s  whose r a d i i  re m a in
s t r a i g h t ,  such  as  OA, BC, F ig .  25 , i s  found by i n t e g r a t i n g
OB
r
— • ^ — • dz 
0 i»3 O r
a long  a l i n e  r  = c o n s t a n t
Two c a s e s  were c o n s id e r e d .
1!IR-Vr j r  7 %
l 12”d ia .  "
A" & J L
F
I
B /I
1. S h a f t  e n l a r g i n g  to  g r e a t e r  d ia m e te r .
Max. s t r e s s  a t  P = 1 .52  x s t r e s s  
on the  s m a l l e r  c i r c l e .
The t w i s t  may be found  by t a k i n g  an 
e q u iv a l e n t  e x t r a  l e n g t h  0 .5 8 "  o f  th e  
12" d ia m e te r  s h a f t ,  t o  a l lo w  f o r  th e
j u n c t i o n .  T hat i s ,  f o r  l e n g t h  OB -  1 , w i th  t h e  j u n c t i o n
a t  i t s  m id - p o i n t ,  t h e  t w i s t  i s  t h e  same as  l / 2  + 0 .5 8 1’ o f  
12", and l / 2  o f  1 6 " .
£ 0
2 . S h a f t  w i th  c o l l a r .  Kax.
1.4*7
s t r e s s  a t  P = h&G  x s t r e s s  
on th e  s h a f t .
7. it
\j. 6 ”d i a . rfK
P » r
The t w i s t  i s  fo u n d , as f o r  c a se  1 , by t a k i n g  an  e q u i v a l e n t  
l e n g th  o f  s h a f t  = 1 . 0 ^ to  a l lo w  f o r  th e  j u n c t i o n s .  Or, l e n g t h  
I i n c lu d in g  th e  c o l l a r  has  t h e  same t w i s t  as 1 -  ^ 8 "
T h e /
o f  s h a f t .
- 33 -
The e x p e r im e n ta l  work o f  t h i s  p a p e r  was c a r r i e d  
o u t  i n  th e  James W att E n g in e e r in g  L a b o r a t o r i e s ,  Glasgow 
U n i v e r s i t y ,  I w ish  t o  acknow ledge my in d e b te d n e s s  to  
P r o f e s s o r  Cormack f o r  h e l p f u l  s u g g e s t io n s  and e n c o u ra g e ­
m e n t ,  and a l s o  t o  Dr* Thom, whose method o f  a n a l y s i s  form s 
th e  b a s i s  o f  t h i s  p a p e r ,  f o r  h i s  a s s i s t a n c e  i n  i t s  
a p p l i c a t i o n  t o  t h i s  p ro b lem .
B.
THE SOLUTION OF THE TORSION PROBLEM 
FOR CIRCULAR SHAFTS OF VARYING RADIUS.
By A le x a n d e r  Thom, D . S e . ,  Ph .D .
Jam es O r r ,  B .S e .
C Communicated by R .V .S o u th w e l l ,  F .R .S .  
— R ece ived  December 16 t h ,  1930 )
-  1"  -
I n t r o d u c t i o n * When a  t a r  o f  c i r c u l a r  s e c t i o n  whose 
r a d i u s  i s  a  f u n c t i o n  o f  z ,  
f i g . 1 , i s  s u b j e c t e d  t o  
t e r m i n a l  c o u p le s  a p p l i e d  
i n  a  s u i t a b l e  way, th e  s t r e s s e s
and s t r a i n s  may be e x p re s s e d
o  -  n )
i n  te rm s  o f  a  f u n c t i o n  ij/  . T h is  f u n c t i o n  s a t i s f i e s  th e  
e q u a t io n
"3r* ~ T '  ^ 7  ^
th r o u g h o u t  an  a x i a l  s e c t i o n ,  w i th  \jr * c o n s t a n t  on th e
b o u n d a ry .  The s t r e s s e s 1 a r e
a l  JTq. « _t f i  = r » > r w  r x ^
w here  i s  t h e  modulus o f  r i g i d i t y  o f  t h e  m a t e r i a l .
The d i s p l a c e m e n t ,  v ,  o f  any p o i n t  i s  d i r e c t e d  a t  r i g h t
a n g le s  t o  an  a x i a l  p la n e  p a s s in g  th ro u g h  th e  p o i n t ,  and i s
T '5 r(“ J" 3z ’ * 3 t < r ' 7 r
E q u a t io n  (1 ) h a s  b e e n  so lv e d  f o r  c e r t a i n  b o u n d a r ie s  
by  th e  u s u a l  a n a l y t i c a l  m ethods; f o r  t h e  g e n e r a l  c a se  ( 
( i n c l u d i n g  b o u n d a r ie s  o f  n o n -m a th e m a tic a l  form  ) ,  t h e  o n ly  
m ethod so f a r  d e v e lo p ed  i s  an  ap p ro x im ate  g r a p h i c a l  one due 
t o  W i l l e r s ^ .  The p r e s e n t  p a p e r  d e s c r i b e s  an  a r i t h m e t i c a l  
t r i a l  and e r r o r  m ethod, a p p l i c a b l e  t o  t h e  g e n e r a l  c a s e ,
w hich  may be c a r r i e d  to  any  d e s i r e d  d e g re e  o f  a c c u r a c y .
An a p p e n d ix  t o  th e  p a p e r  m en tio n s  o t h e r  p h y s i c a l  p ro b lem s 
w h ich  can  be t r e a t e d  by s i m i l a r  m ethods.
Method o f  S o l u t i o n . The b o u n d a r ie s  a re  drawn to  a
s u i t a b l e  s c a l e  on sq u a re d  p a p e r ,  so t h a t  e s t im a t e d  \fr
* L o v e ,  "M a th e m a tic a l  T heo ry  o f  E l a s t i c i t y ” , 4 th .e d n ,p .3 2 5
+W i l l e r s ,  "Z . M ath. P h y s . " ,  v o l . 55 (1907)
-  2”  -
v a lu e s  may be w r i t t e n  a t  th e  
c o r n e r s  o f  th e  s q u a r e s .  To 
f i n d  t h e  c o r r e s p o n d in g  v a lu e s  
o f  l/f a t  th e  c e n t r e s  o f  th e  
s q u a r e s , We H ave , u s in g
Bj________ tA
T a y l o r Ts Theorem
and s i m i l a r  e x p r e s s io n s  f o r  V s ,  ifc. , Vb
i(S '*  + Vb * Vt *■ Yb) - VV -  ^  - (2)
S u b s t i t u t i n g  from  (1 ) ,  V 2\fr » ^  , and n e g l e c t i n g
t h e  te rm s  w i th  4 th  o r d e r  and h i g h e r  d e r i v a t i v e s
Va7 = if bt'A+V'a + V'c + Vb)~ V > u;/iere Y = a** r l r  ©)
The te rm  Y i s  o b ta in e d  from  th e  e s t im a te d  v a l u e s ;  i t  
i s  a  s m a l l  c o r r e c t i o n  and i n  a l l  c a s e s  w hich  have b e en  
t r i e d ,  i t  was s u f f i c i e n t l y  a c c u r a t e  to  t a k e
H ence , an  a p p ro x im a t io n  to  t h e  v a lu e s  o f  'if/ a t  t h e  c e n t r e s  
o f  t h e  s q u a r e s  may be fo u n d ,  and u s e d ,  by  a p p ly in g  (3 )
a g a i n ,  t o  f in d ^n ew  a p p ro x im a t io n  to  th e  o r i g i n a l  c o m e r  
v a l u e s .  J h i s  a p p ro x im a t io n  i s  i n  g e n e r a l  b e t t e r  t h a n  t h e  
assum ed v a lu e s  ( s e e  b e lo w ) ,  t h a t  i s ,  t h e  p r o c e s s  i s  con­
v e r g e n t .  C o n t in u in g ,  th e  p r o c e s s  i s  r e p e a t e d  u n t i l  t h e  
v a lu e s  c e a se  c h a n g in g ,  when e q u a t io n  ( t )  i s  s a t i s f i e d  t o  
t h e  a p p ro x im a t io n  o f  ( 3 ) .  An a c t u a l  example o f  th e  
method i s  g iv e n  l a t e r  i n  t h e  p a p e r .
We have  s t i l l  to  exam ine w h e th e r  th e  n e g le c t e d  
t e rm s  i n  (2 )  a r e  i n  f a c t  n e g l i g i b l e .  J h i s  i s  e a s i l y  
R e s te d  a t  any  p a r t  o f  t h e  s e c t i o n ,  when th e  v a lu e s  have  
s e t t l e d ,  by e n l a r g in g  t h a t  p a r t ,  u s in g  s m a l l e r  s q u a re s  
and f i n d i n g  i f  t h e  v a lu e s  a l t e r ,  f o r  t h e  n e g l e c t e d  te rm s  
d im in i s h  i n  im p o r ta n c e  w i th  th e  s i z e  o f  t h e  s q u a r e .  How
— a t  M ( f i g , 2)  = j l . Yfc-Vi> , i. Vfe- **c2 ----------- + 2  S ~
-  3" -
t h e  h i g h e r  d e r i v a t i v e s  a r e ,  i n  g e n e r a l ,  g r e a t e s t  n e a r  
p o r t i o n s  o f  t h e  b o u n dary  w hich  change d i r e c t i o n  q u i c k l y ,  
so  i t  i s  n e c e s s a r y  i n  many c a s e s  to  e n la r g e  th e  s e c t i o n  
n e a r  t h e s e  p a r t t
I n  e s t i m a t i n g  th e  p r e l i m i n a r y  Xjf v a l u e s ,  c o n s id e r  
t h e  r e g io n s  where t h e  b o u n d a ry  r a d i u s  i s  c o n s t a n t ,  o r  
v a r i e s  s l i g h t l y  w i th  z ,  such  a s  OA, OB, f i g . 1 , some 
d i s t a n c e  from  p o s i t i o n s  where i t  i s  chang ing  r a p i d l y .
F o r  t h e s e  r e g io n s  = Q , and (1 ) becomes
on OA and BC, n o t in g  t h a t  s in c e  i s  c o n s t a n t  on t h e  boundary  
1/^ » Vfc A lso  i f /  «s 0 on OB; T h e re fo re  i t  i s  known 
c o m p le te ly  on th e  b o u n dary  OABC. I n t e r m e d i a t e  v a lu e s  a re  
g u e s s e d  t o  g iv e  r e g u l a r  i n c r e a s e s .
Where a  boun dary  does n o t  p a s s  th ro u g h  th e  c o m e r  
o f  a s q u a r e ,  t h e  a d ja c e n t  \fs v a lu e  must be found  by 
i n t e r p o l a t i o n .  F o r  ab o u t a c c u ra c y  t h i s  may be done 
g r a p h i c a l l y ,  b u t  g r e a t e r  a c c u ra c y  r e q u i r e s  n u m e r ic a l  
i n t e r p o l a t i o n .
C o n v e rg en c e . T h is  w i l l  be c o n s id e re d  i n  two s t e p s ,  ( a )  
when th e  te rm  Y i n  ( 3 )  i s  s m a l l  and t h e r e f o r e  ch anges  i n  
i t  a r e  n e g l i g i b l e ,  a s  i n  a l l  exam ples y e t  s o lv e d  by  t h i s  
m ethod; and ( b )  when ch anges  i n  i t  a r e  n o t  n e g l i g i b l e .
n e g l e c t e d  te rm s  i n  ( 2 )  do n o t  a f f e c t  t h e  l a s t  s i g n i f i c a n t  
f i g u r e  a t  any  p a r t  o f  t h e  s e o t i o n .  L e t  £ d e n o te  th e  
e r r o r  i n  t h e  assumed v a lu e  o f  \j/ ; t h e  e s t im a te d  v a lu e s  
a r e  t h e n  Xl/ +  t  . I n c l u d i n g  £ i n  ( 3 )  we have
The v a lu e  o f  ^  i s  th e n  c a l c u l a t e d  f o r  c o m e r s  o f  s q u a r e s
( a ) .  L e t  $he s i z e  o f  th e  sq u a re  be such  t h a t
s u b t r a c t i n g
s i n c e
*■ + b z t - Y
*—y
= ■ -  -  -
~ Y
M
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where 51 d e n o te s  th e  sum o f  th e  c o rn e r  v a lu e s . ' n i s
r
t h e  e r r o r  i n  th e  a p p ro x im a t io n  to  th e  c e n t r e  v a lu e  on 
a p p ly in g  ( 3 ) .
L e t  f i g , 3 g iv e  th e  
v a r i a t i o n  o f  \j/* and £ 
a lo n g  a l i n e ,  z « c o n s t .
Assume f o r  co nv en ien ce  
o f  r e p r e s e n t a t i o n  t h a t  
£  does  n o t  v a r y  w i th  
z . The s u c c e s s iv e  
a p p ro x im a t io n s  a re  shown 
i n  t h e  lo w e r  f i g u r e , 
w h ich  g i v e s  £ a lo n e ,  
and i t  i s  s e e n  t h a t  
a b ru p t  changes i n  i t  
a r e  sm oothed o u t ,  w h i le
i t  c r e e p s  s t e a d i l y  t o  z e r o .  Ip. t h i s  d ia g ra m , abed i s  th e  
e r r o r  s u r f a c e  w hich  a l t e r s ,  on a p p ly in g  ( 3 ) t w i c e ,  t o  e f g d .
T h is  p o i n t  i s  a l s o  i l l u s t r a t e d  by  f i n d i n g  a  r e l a t i o n  
b e tw e e n  £ and J , where 6 i s  ^he  d i f f e r e n c e  o b ta in e d  i n  
t h e  e s t im a te d  iff v a lu e  by a p p ly in g  ( 3 ) t w ic e ,  f i r s t  t o  
o b t a i n  th e  c e n t r a l  v a lu e s  and a g a in  from  t h e s e  , t o  o b t a i n  
new c o r n e r  v a lu e s  ( a  doublfc r o u n d ) .  I f  £  i s  e r r o r  
a t  a  c o r n e r ,  i t s  v a lu e  a t  t h e  su r ro u n d in g  c o m e r s  may be 
e x p re s s e d  by  T a y l o r ’ s Theorem, i n  te rm s  o& i t s  f i r s t  and 
se co n d  d e r i v a t i v e s  as  shown a t  t h e  n in e  main c o r n e r s  i n  
f i g . 4 .
-  5" -
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The f o u r  c e n t r e  v a lu e s  a r e  th e n  found from  ( 4 ) .
new
A n o th e r  a p p l i c a t i o n  o f  (4 )  g iv e s  t h e ^ c e n t r a l  e r r o r ,  w hich
i s  th e n  found  to  exceed  th e  o r i g i n a l  by
±_
4J  -  V z £   ( 5 )
When th e  e r r o r  s u r f a c e  i s  concave u p ,  V t  and so <5 a re
p o s i t i v e ,  t h a t  i s ,  h o l lo w s  f i l l u p ;  s i m i l a r l y ,  peaks
f l a t t e n .  T h is  fo rm u la  shows t h a t  t h e  f i r s t  t e n d e n c y  i s
t o  smooth o u t  a b ru p t  changes i n  6  , f o r  i n  t h e s e  r e g io n s  
2
V t  h a s  a h ig h  v a l u e ,  and th e  second  te n d e n c y  i s  to  
d im in i s h  £, g r a d u a l l y  o v e r  t h e  s e c t i o n .
( b ) .  When th e  changes  i n  V a re  n o t  n e g l i g i b l e ,
( 4 )  becomes E^ = ifLfc. ~  ’ 3 r '
I t  w i l l  be shown t h a t  th e  e f f e c t  o f  th e  second  te rm  i s  to  
h a s t e n  th e  c o n v e rg e n c e .  R e f e r r i n g  to  f i g . 3 ,  t h e  t y p i c a l  
v a r i a t i o n  o f  t h e  e r r o r  a lo n g  a  l i n e ,  z = c o n s t . ,  i s  shown; 
i t  i s  z e ro  f o r  some d i s t a n c e  n e a r  th e  r  = 0 en d , s i n c e  i/'' 
t h e r e  i s  s m a l l ,  and a l s o  i r r e g u l a r i t i e s  i n  th e  b o u n d a ry  
s c a r o e l y  a f f e c t  t h i s  r e g i o n .
and
C o n s id e r  th e  s q u a r e ,  two o f  whose c o rn e r s  a re  A
dt ' 4a i  I S  /UL\
B , f i g .3 ;  h e re  5 * ^  i s  h b ,  g i v in g  g *  r  = 8  * r  D)
S in c e  ^ < 1  e x c e p t  f o r  th e  f i r s t  s q u a r e ,  t h e  e f f e c t  o f  r
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t h i s  te rm  i s  n e v e r  v i o l e n t ,  and i t  d e c r e a s e s  a s  r  i n c r e a s e s ;  
i t  h a s t e n s  th e  convergence  where and t  have  t h e  same
s i g n ,  w hich  o c c u rs  i n  g e n e r a l  a t  th e  s m a l l e r  v a lu e s  o f  r ;  
i t  r e t a r d s  th e  convergence  where th e y  have  d i f f e r e n t  
s i g n s ,  w hich  o c c u rs  i n  g e n e r a l  a t  th e  h i g h e r  v a lu e s  o f  r .  
Now, t h i s  te rm  i s  l e s s  im p o r ta n t  a t  th e  h i g h e r  v a lu e s  o f  
r ,  t h e  r e g i o n  where t h e  con vergence  i s  r e t a r d e d ,  h e n c e ,  
t h e  g e n e r a l  e f f e c t  i s  t o  h a s t e n  th e  c o n v e rg e n c e .
S h o r te n in g  th e  P r o c e s s . I f  an  a p p ro x im a te  a v e ra g e  
v a lu e  o f  th e  r a t i o  -J- co u ld  he e s t im a te d  f o r  a p a r t  o f  
* t h e  s e c t i o n ,  t h e  slow  c re e p  o f  th e  s u c c e s s iv e  a p p ro x im a t -  
ioms co u ld  he q u ic k e n e d .  C9n s i d e r  a  r e c t a n g u l a r  p a r t  o f  
t h e  s e c t i o n  in c l u d i n g  2mx 2n s q u a re s  o f  s id e  s ,  f i g . 1  ; 
assume t h a t  i s  known on th e  s i d e s  so t h a t  t h e  e r r o r  
t h e r e  i s  z e r o .  L e t  th e  e r r o r  t a k e  th e  s im p le  fo rm
t  ~  ZoL'-n * S * ) ^  ~  
w here  t Q i s  t h e  e r r o r  a t  t h e  c e n t r e  o f  t h e  r e c t a n g l e ,  th e  
o r i g i n  o f  c o o r d i n a t e s .  From (5 )
S - * -  i^o Cm1- * T\x
£o __   ___ ? —-j—
•• 17'
and th e  a v e ra g e  v a lu e  o f  t f J  i s  l e s s  th a n  t h i s .  I t  i s
fo u n d  t h a t  u s i n g  £ / j  = — , + & * ) ------------   “ & )
o v e r  t h e  p a r t  o f  th e  s e c t i o n  c o n s id e re d  g iv e s  good r e s u l t s  
i n  p r a c t i c e .  The h e s t  p ro c e d u re  i s  t o  t a k e  two d o u b le  
ro u n d s ,  and a p p ly  (6 )  t o  t h e  d i f f e r e n c e s  o b ta in e d  by t h e  
se c o n d .
I n  a c t u a l  c a s e s ,  e q u i v a l e n t  v a lu e s  o f  m and n  a re  
e s t i m a t e d ;  f o r  exam ple , i n  th e  c ase  o f  a  s h a f t  e n l a r g in g  
t o  g r e a t e r  d i a m e t e r ,  f i g . 1 , t h e  e q u iv a l e n t  r e c t a n g l e  i s  
u s u a l l y  a s  shown, e n c lo s in g  th e  r e g i o n  o f  g r e a t  e r r o r .
T h is  method g i v e s  b e t t e r  r e s u l t s  th a n  m ight a p p e a r  a t
-  7" -
f i r s t  s i g h t ,  f o r ,  w i th  t h e  d i f f e r e n c e s  J  a l l  o v e r  th e  
s e c t i o n ,  o b ta in e d  by  a p p ly in g  a  d o u b le  ro u n d , t h e  o p e r a t o r  
can  t e l l ,  a f t e r  a  l i t t l e  e x p e r i e n c e ,  where t h e  e r r o r  i s  
g r e a t  and where i t  i s  n e a r l y  z e r o .  F u r t h e r ,  i f  t h e  
m u l t i p l i e r  ( 6 )  i s  i n c o r r e c t l y  e s t im a t e d ,  i t s  g e n e r a l  
e f f e c t  can  be o b se rv ed  when th e  n e x t  d ou b le  round  i s  
t a k e n ,  and so may be a l t e r e d  to  s u i t .
E xam ple . To i l l u s t r a t e  th e  m ethod, th e  example o f  a 
s h a f t  w i th  c o l l a r  i s  g iv e n  i n  f u l l ,  f i g s .  5 and 6 .
F i r s t ,  th e  v a lu e s  a r e  e s t im a te d ;  on th e  l i n e  z » -1 , 
so , t a k i n g  any c o n v e n ie n t  number ( i n  th e  example 
41 ) ,  a s  th e  bo u n d a ry  v a l u e ,  i n t e r m e d i a t e  v a lu e s  a re  guessed  
t o  g iv e  r e g u l a r  i n c r e a s e s  •
The te rm  V i s  c a l c u l a t e d  th ro u g h o u t  th e  s e c t i o n  
f r om t h e  e s t im a te d  v a l u e s ,  and i s  shown by numbers en c lo sed  
i n  c i r c l e s  i n  f i g . 5 .
Now t h e  c o r r e c t i n g  p r o c e s s  can  p ro c e e d .  By 
a p p ly in g  (3)» “th e  v a lu e s  a r e  found  a t  th e  c e n t r e s  o f  t h e  
s q u a r e s ,  a  com ptom eter p ro v in g  v e ry  v s e f u l  f o r  t h i s  s t e p ;  
a p p ly in g  ( 3 )  a g a in  t o  th e  c e n t r e  v a lu e s  a  b e t t e r  
a p p ro x im a t io n  t o  t h e  c o rn e r  v a lu e s  i s  o b t a in e d .  The 
d i f f e r e n c e s  be tw een  th e  second  and f i r s t  a p p ro x im a t io n s  
a r e  w r i t t e n  down so t h a t  a  d o u b le  round  may be r e p e a t e d  
on them , th e  s m a l l e r  num bers making t h i s  e a s i e r  t h a n  th e  
f i r s t  r o u n d . .
As t h e  fo rm u la  f o r  s h o r t e n in g  th e  p r o c e s s  i s  a p p l i e d  
a t  t h i s  s t a g e ,  a  r e c t a n g l e  i s  sk e tc h e d  i n ,  w hich  s u r ro u n d s  
t h e  r e g i o n  r e q u i r i n g  much c o r r e c t i o n .  I n  t h e  exam ple th e  
r e c t a n g l e  i s  bounded by t h e  l i n e s  z « 3 »  z « 9* * ■* 6> 
r  * 11.  From ( 6 )  £/J  * -1 -3 /  ( 1 / ?  + 1 / 6 . 2 )  » -6
Hence t h e  d i f f e r e n c e s  from  th e  l a s t  d o u b le  round  a re
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E n l a r g e m e n t  at J u n c t io n
Outer values are deduced from squares thus
Inner values ( close to tbe junction between shaft 
and collar) are deduced from squares thus | |
-  8" -
m u l t i p l i e d  by 6 t o  o b t a i n  t h e  n e x t  a p p ro x im a t io n .  5he 
a p p l i c a t i o n  t o  a  few v a lu e s  i s  shown a t  ( a ) ,  f i g . 5;  f o r  
t h e  c e n t r e  p o i n t  l/ ' + = 23 , t h e  f i r s t  doub le
round  g i v e s  = 0 . 6 ,  t h e  second  g iv e s  J z = 0 . 4 ,  
t h e r e f o r e  th e  second  a p p ro x im a t io n  i s
"ty t  12 * 23 + 0 .6  + 6 * o .4 = 2 6 .0  The v a lu e  a t  t h i s
p o i n t  when th e  f i e l d  h a s  f i n a l l y  s e t t l e d  i s  2 3 *9 *
Having s e t t l e d  th e  v a lu e s  on th e  s e c t i o n  w i th  t h i s
of
s i z e  o f  s q u a r e ,  we n e x t  i n v e s t i g a t e  t*~e e f f e c t Ath e  
n e g l e c t e d  te rm s  i n  ( 2 )  by r e d u c in g  th e  s i z e  o f  sq u a re  t o  
h a l f  a t  v a r i o u s  p a r t s ,  and f i n d i n g  i f  t h e  v a lu e s  a l t e r .
I n  thfcs c ase  i t  i s  found  t h a t  t h e y  a l t e r  o n ly  n e a r  th e  
j u n c t i o n  o f  s h a f t  and c o l l a r ,  and t h i s  r e g i o n  i s  shown 
e n la r g e d  i n  f i g . 6.
When t h e  v a lu e s  c e a se  c h a n g in g ,  t h e  p ro b lem  i s  
s o l v e d ,  and t h e  f i n a l  s t e p  o f  f i n d i n g  th e  s t r e s s e s  and 
s t r a i n s  may be t a k e n .  The maximum s t r e s s  o c c u rs  on t h e  
b o u n d a ry ;  i t  i s  e q u a l  to  J { [ f z ? + ( * & } =  =
w here dn i s  t h e  no rm al t o  t h e  b o u n d a ry .  The s i m p le s t  
and most a c c u r a t e  method o f  f i n d i n g  t h e s e  d e r i v a t i v e s ,  i s  
t o  u se  d i f f e r e n c e  fo rm u la e .  The s t r e s s  on th e  b o u n d a ry ,
from  z « 0 to  z » 2.7* i s  p l o t t e d  i n  f i g . 6; th e  maximum
s t r e s s  o c c u rs  a t  z * 2 . 2 3 » and = 1 . 47  * s t r e s s  on th e  
b o u n d a ry  a t  z « 0 .
The a n g u la r  p o s i t i o n ,  ( v / r ) ,  o f  any  p o i n t  w i th  
r e f e r e n c e  t o  i t s  u n s t r a i n e d  p o s i t i o n ,  i s  g iv e n  by
h ( . r )  = r»'
So th e  t w i s t  o f  t h e  c r o s s  s e c t i o n  a t  z * 12 , r e l a t i v e l y
t o  t h e  s e c t i o n  a t  z « 0 ,  i s  found  by  i n t e g r a t i n g
a lo n g  a  l i n e ,  r  * c o n s t .  Here ^
i s  fou nd  a lo n g  r  ■* 8 and i s  shown p l o t t e d  i n  f i , j . 6 .
The t w i s t  on t h i s  12n l e n g t h  i s  th e  same a s  t h a t  f o r  a
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l e n g t h  o f  8 . 7 ” o f  an  8n r a d i u s  s h a f t ,  s u b j e c t e d  t o  th e  
same t o r q u e .
The m ethods d i s c u s s e d  i n  t h i s  p a p e r  have been  
d e v e lo p e d  i n  c o n n e c t io n  w i th  e x p e r im e n ta l  w ork , w hich  i s  
b e in g  c a r r i e d  o u t  ifa t h e  James W att E n g in e e r in g  
L a b o r a t o r i e s ,  U n i v e r s i t y  o f  G lasgow , u n d e r  th e  
d i r e c t o r s h i p  o f  P r o f e s s o r  J .D .C orm ack .
A p p e n d ix . S i m i l e r  m ethods have b e en  a p p l i e d  to  th e
s o l u t i o n  o f  o t h e r  p h y s i c a l  p ro b le m s ,  nam ely  -
( a )  T o r s io n  o f  p r i s m s  w i th  n o n - c i r c u l a r  s e c t i o n s ;  t h e
e q u a t io n  t o  be s o lv e d  i s  +  Z = u
.  3x ^  for
w i t h  if* = c o n s t ,  on each  b o u n d a ry .  A c tu a l  c a s e s  ^which
a  s o l u t i o n  h a s  b e en  o b ta in e d  in c lu d e  a s h a f t  w i th  keyway,
s e v e r a l  B r i t i s h  S ta n d a rd  s t r u c t u r a l  s e c t i o n s ,  a  h o l lo w
s q u a re  and a  h o l lo w  s e r r a t e d  s h a f t .  I n  s e v e r a l  o f  t h e s e
c a s e s ,  t e s t s  on spec im ens gave  e x p e r im e n ta l  v e r i f i c a t i o n .
( b )  *  P e r f e c t  f l u i d  f lo w  i n  two d im e n s io n s ;  th e  e q u a t io n
' N l . r
i s  = O , w i th  \Js = c o n s t ,  on a  f i x e d
b o u n d a ry .
( c )  V isc o u s  f l u i d  f lo w  i n  two d im e n s io n s ;  t h e  e q u a t io n s
a t  R e y n o ld Ts  Rumber = 10 , w h ich  was c o n s i s t e n t  w i th  
e x p e r im e n ta l  r e s u l t s .
The s o l u t i o n  i n  c a s e s  ( a )  and ( b )  i s  s t ra ig * > tfo rw a rd
and t h e  rem arks  on co nv erg en ce  g i v e n  ab o v e ,  a p p ly  t o  thfcse
c a se  a l s o .  I n  oase  ( o )  i t  i s  n e c e s s a r y  t o  s o lv e  two
f i e l d s  s im u lta n e f ra H ly , one f o r  t h e  s t r e a m  f u n c t io n (  V  )»
th e  o t h e r  fofc th e  v o r t i c i t y  ( 5 ) .  A c o n s i d e r a t i o n  o f  
t h e  f lo w  b e tw een  p a r a l l e l  p l a t e s  i n d i c a t e d  t h a t  t h e  p r o c e s s  
may n o t  be  c o n v e rg e n t  i f  t h e  s i r e  o f  th e  s q u a re  ex ce ed s  
some l i m i t i n g  f i g u r e .
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t o  be so lv e d  a re
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A s o lu t i o n  h a s  b e e n  o b ta in e d  f o r  t h e  f lo w  p a s t  a  c y l i n d e r
